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PREFACE. 



This little work has been prepared for the use of the Midship- 
men now pursuing their studies at the Naval School, Philadelphia, 
It was commenced with the intention c^ using it only '' in manu- 
script ;" but as the principal object was to embrace more practical 
details and a greater variety of examples than are usually given . 
in eleoientary woHes up<Hi Algebra, it was found necessary to 
enlarge it to an extent that would have rendered the use of it in 
that form impracticable. In preparing it for the press, the original 
design has been still farther extended, and the work now assumes 
the form of a distinct, if not a complete, treatise upon the Binomial 
Theorem and Logarithms. Some articles are in consequence 
included, which (though essential parts of a treatise upon these 
subjects) were not called for by the immediate wants of a class 
whose principal study is Navigation. Those, however, who are 
acquainted with the extent of the mathematics requisite in a com- 
plete theoretical exposition of Navigation, will, perhaps, not regard 
even these parts as altogether superfluous. 

As the proper understanding of both the subjects here considered 
requires a correct knowledge of the nature of " powers and roots," 
and of ^* exponents in general," two short chapters under these 
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heads are prefixed by way of introduction, and for the convenience 
of reference. 

A rigid demonstration of the Binomial Theorem, at once simple 
and sufficiently elementary, has been much sought for by mathe- 
maticiaB8. The one here given depends upon a principle which is 
the foundation of the Differential Calculus, and is in fact little else 
than a translation of the very simple demonstration afforded by 
that science into the elementary language of Algebra. It is essen- 
tfally the same as that given by Boubdon, (Algebre, ed. 1837, 
Paris,) and by Professor Peibcb of Harvard University, in his 
excellent treatise upon Algebra. The latter, however, has not 
extended the demonstration to the cases in which the exponent is 
negative or fractional. 

The mode of deriving the logarithmic formula, in Chapter VII, 
is that of EuLEB, with some modification to render it intelligible to 
those not familiar with the infinitesimal calculus. Under the head 
" Transformations of the Logarithmic Formula," will be found 
some of the most expeditious formulee given by Callet in the 
" Precis Elementaire," prefixed to his " Tables Portatives," and by 
BoBDA and Delambbe, in their Prefaces to the " Tables Trigono- 
metriques Decimales." 

William Chauvenet. 

U, S. Navetl Jisylum, 

Philadelphia, March, 1843. 
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LOGARITHMS. 

CHAPTER I. 

^OWflBS AMD BOOT6. 

1. The student is here supposed to he acquainted with the funda- 
mental principles of algebra ; at least, with simple equations, frac- 
tions, radicals and the multiplication, division &c. of powers ; but, 
before proceeding to the consideration of the Binomial Theorem, we 
ffaall give, in the first and second chapters, a summary view of the 
nature of powers and roots, and of exponents in general. 

d« Tht power of any quantity is that quantity midtiplied by 
itself a certain number of times. Thus, axa is a power of a 
which is called the second power of a, because a is taken twice as 
a fiictor; and, axaxaxa is the fourth power of a, because a is 
taken four times as a factor. But instead of repeating the letter in 
this manner, we indicate the operation by a small figure ; thus, in- 
stead of ax a, we write a', to show that a is repeated twice; and, 
instead of axaxaxa, we write a\ This figure is called the earpo- 
neal of the power. 

3. The root qf any quantity is a quantity which, multiplied by 
itself a certain number qftimes^ produces the first quantity. Thus, 
2 is the 3d root of 8, because 2x2x2^=8. That is, 8 is the 3d 
power of 2, and 2 is the 3d root of 8. So also, a is the 3d root of 
a^; or, the 2d root of a'; or, the 4th root of a^, &c. 

Power and root are correlative terms ; a* is the m*** power of 
a, and a IS the m^ fcx»t of a*. 
2 
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The root of a quantity is expressed by means of the radical sign 

3 

-v/ and an index. Thus, the 3d root of 8 is expressed -v/8> the 4th 

4 5 4 — 

root of a, -v/flj the 6th root of x^, \/x^y &c. ; ^a signifies that 

5 — 

quantity whose 4th power is a ; \/x^ that quantity whose 6th power 
is a:*, &c. Another mode of notation will be shown in the next 
chapter. 

The power or root of a compound quantity is expressed with the 
aid of the vinculum or parenthesis* Thus, the 4th power of a+6 

3 

IS expressed (a+6)*; the 3d root of ar*+y*+«*, \/a:*+y*+«*i or 
s/{ofi+y*+z% &c. 

4. The second power is frequently called the square^ the second 
root the square root; the third power, the cvbe^ and the third root, 
the cuhe root. 

The square root is denoted by the radical sign without the index. 

2 

Instead of a/ a we write simply 4>/a. 

6. Powers of the same quantity are multiplied together by add" 
ing their exponents. Thus, a^xa^=aaaxaa=aaaaa=a^, and 5 
is the sum of 3 and 2. 

In general a"*xa" =a"*+* ; for a"»a=aaa repeated m times, 

and a'^saaa ... .repeated n times, so that a^xa*=^aaa 

repeated m+n times, which is the (m+n)*^ power of a, or o"»+». 
In the same way, a" xa* X o^ Xa« . . . . ==a"*+*+*"*^ .... for any num- 
ber of factors. 

6. The division of powers of the same quantity is effected by 
subtracting their exponents. 

Thus, a* divided by a*, is aaaaa divided by aa ; that is, — = 

=iaaa^=a^y and 3 is the difference of 6 and 2. 



a^ aa 



a"* 
In general — =a«— », for a"»s=saaa .... repeated m times, and 
a 

a** 
a^=aaa .... repeated n times ; so that —^=(ma repeated 

m — n times, which is the (m — n)*^ power of a, or a"»— «. 
7. The multiplication and division of powers oi different quanti- 
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ties are merely represented. The product of a' and 6" is a^h^ ; the 
quotient of a* divided by b^ is t^. Sometimes quantities to be mul- 
tiplied or divided contain powers of the same quantity ; these may 
be multiplied or divided by the above rules, and the operation upon 
the rest simply denoted. Thus, the product of a^h^c and a^dfxs 

a^b'cdf; the quotient oix^y^z^ divided by axz is — ^ — , and a"»6«c 

a«-# b^^9c 



#6.y6 

a 
divided by a^b^d is 



8. Involution of powers is effected by multiplying the exponents* 
Thus, to involve a' to the dd power, we are to take a' three times 
as a factor, which is a^Xa'Xa'^ or a'+"+*, or a«, (Art. 6,) that is, 
the 3d power of a* is a with the exponent 2X3. 

In general the n^^ power of a" is o"" ; for (a"»)«==a» xa* Xfl* 

reputed n times, which gives a«+"»+« with the exponent m re- 
peated n times ; that is, with the exponent mn. Hence (a»)«=:a**. 
So also (a"»)»=Bflr«» ; (a?"«)«s=sa?"«M. 

0. The evolution of powers is effected by dividing the exponents. 

Thus, to extract the square root of a* we divide the exponent by 
2, which gives a". The 4th root of a** is a* ; the 6th root of y^^ is y", 
&c. The proof follows from what was shown in the last article, 
since evolution is the inverse of involution. In general the n^ root 

mn 

of a*» is a " or fl*. 

10. The^involution and evolution of the product or quotient of 
powers are ef^ted in the same manner. The 4th power of a'6' 

is 0*6" ; the 6th power of tj ia -^ ; the 4th root of a?*y is aih/ ; the 
cube root of-r- is -r-; the cube root of ^ ,^ - is — -2L. 



11. Since {abc . • • .)«=flr6«i^ . . . . ; and ^a^b^cl^ . . . . = 
abc • . . • , we have the following principles :— 

Tht power of the product of any number of quantities is equal 
to the product of their powers ; and, the root of the product of any 
number of quantities is equal to the product of their roots* 
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12. The root of a quantity which is not an exact power (of if a 
power, one whose exponent is not a multiple of the index of the root) 
can only be represented. For example, the 5th root of a is repre- 

5 4-^ 

sented thus, ^a; the 4th root of a", \/a^, &c. Hence, when it is 
required to extract the root of the product or quotient of several 
quantities, it frequently happens that we can perform the operation 
in respect to a part of the quantities only, and must merely repre- 
sent it in the case of the others. Thus, to extract the square root 
of a*6, we can take the square root of a*, which is a, but the square 
root of 6 we must denote by the radical sign, thus, \/b ; so that the 
square root of cfb is a\/b. In the same way we find the square 
root of a^6^ to be a^^b\ But this last expression may be reduced 

to a simpler form, thus ; a^^b^^a'x/b^b^ in which last form we 
can extract the square root 6^, but must indicate that of by so that 
the expression becomes a'bVb. In a similar ftianner we find. 



4th root of a86"=:v^a«6«68~a"6V6'« 



7th root o{ab^^^/ab^b^b»y/ab. 

nth root of a?*y"=a?v/y*« 

p 

othrootof^—^^. 

1 3. When the qtmrUities have numeral coefficients^ the operations 
of involution and evolution may always be perfbrnoed upon these, 
and the result prefixed to the literal part. Thus, the 3d root of 8a 

is 2^ a; the square root of 16a'5 is Aa^ab; the 5th root of 

c 

is 2a V-- 

c 

Sometimes it is convenient to extract the root of the numeral part, 

even when it is not an exact power. Thus, -v/30a*6c=5.477a^Sc 
nearly. 

14. Thus far we have said nothing of the signi^of powers and 
roots. 

If we involve — a to the 2d power, we have ( — a) x(^-<i), whidi, 
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by the rules of multiplication, is +aa or +a^ ; but if we involve 
to the 3d power, we have ( — a)x( — a)x{ — a), which, by the same 
rules, is — aaa or — a'. It is evident that the 4th power of a is + a* ; 
the 5th power of a is — a^, &c. ; the even powers being positive and 
the uneven powers negative. We shall thus find that ( — a)^a-f o^, 
and (— a)»*=»— a", &c. &c. 

15. We see then that the squares of +a and — a are both -fa*. 
If then it be required to extract the square root of +^> this root 
may be either +aoT — a; so that the result is ambiguous, which 
is expressed by prefixing both signs thus, dca; that is, \/a*ssdba. 

But in extracting the cube root no ambiguity will exist, for the 
cube of -fa and the cube of — a are not the same, the one being 
+a" and the other — a" ; and, consequently, the cube root of +a' 
is 4*^9 and the cube root of — a" is — a. In the same way the 4th 
root of +a* will be either +a or — a, but the 5th root of +o* will 
be +a, and the 5th root of — a' will be — a« 

Hence the rule, the even root of a positive quantity is either poS" 
Uive or negative; the uneven root <^ a positive quantity is positive; 
and Ae uneven root of a negative quantity is negative* 

16. The even root of a negative quantity is impossible. For 
the square root of — a* is neither +a nor — a; since +a squared 
is +a'y and — a squared is +^'9 &n<l there is no quantity which, 
multiplied by itself, will produce — a*. For the same reason V- 



V — x", V — 1 are impossible. These quantities, or rather expres- 
sions, are called imaginary. It is usual to reduce them as fol- 
lows : 



To find the square root of — o», we have V — a»=4/a*x(— 1)« 
-iza^y^^i (Arts. 11 and 15,) in which last form the imaginary part 
is the even root of — 1 ; and to this form all imaginary expressions 
may be reduced. Thus, 



JabH \^c — 



cib^c 
in which %/ -^ is a possible quantity, being the even root of a 

positive quantity. 
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17. EXAMPLES. 

1. Find the product of — si^y'^Tfl^ ayy'a:*, — x^yf^z^* 

Ans. a;"*+"+»y*+"+*;2;*+"+» or (jjyz)*^"^'. 

2. Divide Tf^^y^^^^ by a?"'y»2:*'. Ans. (a?*-»y»-9z«"*)». 

3. Divide — a«^6** by — a«*6"«. Ans. (o^fi*)*-*- 

4. Involve — h to the n^^ power. 

Ans. +6* if n is even, — &" if n is uneven. 

5. Involve — h to the (2n)**» power. 

Ans. +6*" (for 2n is even whatever be the value of n.) 

6. Involve — h to the (2n +!)**» power. 

Ans. — 6*"+* (for whatever be the value of n, 2n is even, 
and 2n+l is uneven.) 

^16a?*v* . . 2j?v* 

7. Find the 4th root of ^. Ans. =t:^--^. 

8. Find the 3d root of r-rr* -^"s. -. 

9. Find the 2d root Df — ^^. Ans. ± ^\/^. 

a^xy a 

10. Find the n*** root of cT*. 

Ans. +fl" if w is uneven, zfctf" if n is even. 

11. Find the {^n)^ root of — a*«. Ans. =fca»-v/-^. 

12. Find the (2n)t^ root of a!?**«y*»'. Ans. =fc a?*y. 

la. Find the (2n+l)*^ root of —a. Ans. —^a. 

14. Find the (2n+ !)*»» root of —r-. Ans. — % 

15. Find the (2n)th root of— ^^^"- Ans. ±a?-»y ^-^. 



16. Find the 5th root of 1215 a^b^c^. Ans. 3a6c^6a6»c». 
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CHAPTER n. 



EXPONENTS IN OENEBAL. 

18. In the precedmg chapter we have applied the rules for the 
multiplicatioD, division, 6cc> of powers only to those cases in which 
the exponents were whole positive numbers. Exponents, however, 
may be nlso frcu^Honal and negative* 

19. Let it be required to extract the Sd root of c^. We have seen 

3 

that this would be ^o", but algebraists have agreed to apply to 
such cases the general rule for the evolution of powers given in 
Art. 9. To extract the 3d root of a\ according to this rule, we 

divide the exponent by 3, which gives o^ ; therefore, ^/a* and d^ 
are equivalent expressions, both signifying '' the 3d root of a 
squared ;" and in the fractional form, the numerator of the fraction 
indicates the power, and the denominator the root. In the same 

1 3— 15—9 m — — 

way we find ^a^a* ; y/a^c^ \ ^a^^d^ \ v^a»=a"*, &c. 

The use of fractional exponents thus renders the radical sign un- 
necessary, and enables us to express roots and powers by the same 
general mode of notation. 

a* 

20. Again, let it be required to divide a^ by a^. This is, --, which 

fraction reduced by dividing its numerator and denominator by a', 
becomes -^ • But by Art. 6, powers of the same quantity are di- 
vided by subtracting their exponents. Hence, to divide a^ by a^, 
we must subtract 7 from 5; but 5—7= — 2, so that the quotient 
will be a with the exponent — 2, or a*"*. Therefore, — and ar^ are 
equivalent expressions ; but the latter has the advantage of represent- 
ing a fraction in the same form with whole numbers. In the same way 

we shall find —=«"•; —=0-''; --=a-*. 
0" w or 
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We see then that the negative exponent indicates* the reciprocal 
^a power ; that is, ar^ is the reciprocal of cfi ; or'' is the recipro- 
cal of a' ; O"* is the reciprocal of dT, &C. 

21. We apply the rules given in the preceding chapter also to 

fractional and negative exponents. Thus, to multiply a' by a> we 
add the exponents (Art. 5,) and we have 

t 1 1 J. 1 5 

In the i»nie manner we find, 

m p m p rnq'-np 

a «xa""^«a» "" * «=a ^ • 

22. Applying the rule for division of powers, (Art. 6,) we have 

a* 



a" — — — 



s=a» 9 ==a *^ 









23. Applying the rule for involution of powers, (Art. 8,) we hare 

(a*)»=a*^'=ai 

n m mp 

(a'^)P=a'»^'=ro*- 
(a~*)*^a"^». 
(tf»)-«=(r-««. 
(a-*)-«=(r». 
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^4- Applying the rule for evolution of powers, (Art. 9,) we have 



25. By using fractional exponents involution and evolution are 
performed by the same rule ; that is, by midHplyiTig the exponents. 
Thus, the above examples will be performed, 

-•8a*=(8a^)^ (Art. 19,) =8^''* (Art. 8,)=2a* 

^ tn Ml ml fit- 

p ± q_ wiy 

\/(flr)f=:(a*)^ =a"* ^ P^aP 
In the same way we find 

m p mp 

(a»")i'=o«5. 

m p mp 

(a""«")T=a""«. 

fn p fnp 

(a"»)"'T=a"«s'w 

fn p mp 

(a"""»)"T=a"^. 

26. We conclude this chapter by exhibiting the regular series of 
powers of a, decreasing by unity. Beginning at cT and dividing con- 
tinually by a we have the following series : 

a», a*-S cr-* . . . a», a«, a*, a^ a-^^^cr-*, ff-', . . . flr«+», flr^+*, a-*. 

which is a regular series of powers of a from +wi to — m. Any 
two terms equally distant from a^ are the reciprocals of each other ; 
thus, a* is the reciprocal of o"*, a® of cr*, &c., and a* of a-*. 
The term a9 is found (as the other terms are found) by subtract- 
3 
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iDg I from the exponent of tfae preceding tenn, which k equitalent 
to dividing by a or a*, (Art. 6.) 

Thus, ^=a*-^=:a°. Biit ^ or -=1, 

since the quotient obtained by dividing any quantity by itself is 
unity. Hence the singular result, 

which is true, independently of the value of a ; so that if assl, 2, 3, 
4, &c> we shall have, 

/ 1*^=1, 2«=1, 30=1, 4«=1, &c 
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27. The rules for involution and evolution already given apply 

only to monomials, or quantities consisting of a single term. BinO' 

tnialsy or quantities consisting of two terms, connected by the signs 

+ or — , may be involved by actual multiplication. Thus, the 

powers of a+b may be found by actually multiplying it by itself, as 

follows : 

a+b 
a+b 

tf + ab 

ab +b» 

{a+by^ a»+2ab +6» 
a+b 



^•+2fl«6+a6« 

a^b+2ab^+b' 

(fl+5)8= a«+3a«6+3a6«+6» 

In this way we may proceed to find any power ofa+b, but the pro- 
cess will evidently be very tedious for high powers. Some general 
rule is therefore desirable, which will enable us to express any power 
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of ft biaomial without performing the multiplication. On the other 
hand, some rule or formula is desirable, by which we can express 
any root of a binomial. We have seen, in the case of monomials, 
that fractional and native exponents may be treated by the same 
rules as positive and integral ones ; and (Art. 25,) that with the use 
of fractional exponents the same rule efiects both involution and 
evolution. We might infer that the same generality exists for the 
powers and roots of binomials, and that the same rule, or formula, 
by which we can express any power, will also serve to express any 
root. In fact, such a formula is Newton^s Binomial Theorem^ by 
which we can express the value of (a+by^f whether m be ponHve, 
negative, integral or fractional. 

Thus, if m is negative or as— n, this theorem enables us to express 
the value of (a +6)"* or (Art. 20,) of .. ,. 

1 i 

If m =s— , it expresses the value of {a+b)f , or (Art 19,) of 

1 -i- 

If m s , it expresses the value o{{a+h) p,or(Art.l9,20,) 

of p. . 

Va+b 

It is in these applications that the great utility of this theorem is 
manifested. 

We shall here demonstrate it in the most general manner, and 
in the next chapter give the applications to the particular cases. 
We must first establish the following important principles. 

INDBTBBVINATE COEFFICIBHTS. 

28. Whenever we have an equation of theform^ 
A+Bx+Ca^+D3fi+ &c.«il'+B'a?+C«»+2>'a?»+ &c., 

which is true whatever be the value of x, then^ the coefficients of 
the like powers of x in the two members are equal each to eachy 
and we shall have, 

A=A', B«F, C^C\ &c. 
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For since the equation is true whatever he the value of a?, it is 
true for the value, a?=:0. But if this value is substituted for x, 
all the terms become 0, except A and A'y which being independent 
of Xy that is, not containing x in any form, do not become 0. There- 
fore the equation is reduced to 

These quantities, therefore, destroy each other in the original 
equation, which then becomes 

Bx+Cai^+Dx^+ &c. =5'a:+Ca?a+2>'a?3+ &c. 

Divide this by x, and we have 

B+Cx+Dai»+ &ic.=B' + C'x+D'a^+ &c. 

which must also be true when 2r=0 ; but iq that case all the terms 
become except B and B', and we have simply 

B=B'. 

Our equation, therefore, is 

Cx+Dx^+ &c. =C'a?+2>V+ &c. 
And it is shown in precisely the same manner, that 

C=C, D=D\ E=E, &c 

29. It follows from this, that if we have an equation of the form 

ji^ji'+(^B^B')x+{C—a)x»+{D—D')x^+ &c=0, 

which is true for any value of x, the coefficients must ail be equal 
to ; for this equation is derived from the one proposed in the pre- 
ceding article, by transposing all the terms to the led hand mem- 
ber, and it has been shown, that A=iA\ BssB\ &;c., whence 
^—^'=0, 5— J5'=0, &c. 

And if we put A — w3'=Jf, B — B'=Ny &c., the equation will be, 

M+Nx+P3ii^+Qx^+ dz;c.=0. 

Whenever, then, we have an equation of the form, 

M+Nx+Pa^+Qx^+ &c.=0, 

which is true for any value of x, all the coefficients are equal to 0, 
and we shall have, 

M=0, iV=0, P=0, &c. 
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30. This principle, simple as it is, is one of the most prolific in 
algebra. It is the distinguishing feature of algebra, that its pro« 
cesses are general^ and embrace large classes of particular cases. 
Hence it is oflen employed to inyestigateyon?iu2<B which shall have 
the same form, whatever be the value of certain of the quantities 
which enter into them ; as in the case of the binomial theorem, it is 
employed in discovering a formula for expressing any power or root 
of <i+6, which formula shall be the same whatever are the values 
of a and b, and whatever the power or root sought. It is in such 
investigations that the principle above demonstrated is particularly 
useful. A series is assumed to be the required formula, but the co- 
efficients are all unknown quantities, and are consequently called 
indeterminate coefficients* If an equality can then be shown to 
exist between this series and another of the same form, the above 
principle gives us as many equations as there are coefficients, from 
which the values of the coefficients are then determined by elimina- 
tion. These remarks will be clearly comprehended by attending to 
the demonstration given in Art. 83. 

OP THE QUOTIElfT OF ^ . 

31. The difference of two powers of the same degree^ of — y», is 

m 

exactly divisible by the difference of their roots^ x — y, if mis a 
positive integer m 

The process of division will be. 



af»_af»-*y 
1st rem. «: gf^^ v* 



x—y 



x*-i-|-ai»-»y 



— fla<9 



2d rem. = sf^-»y» — y» 

Now it is evident, that by continuing this process, the next term of 
the quotient will be found to be af*"*^', and that the 3d remainder will 
be af^y — y* ; the 4th remainder a?*-*y^ — y», &c. ; so that the m^ 
remainder will be a?"'-*^* — y». But af»-»=a:°=l, (Art. 26,) 
therefore, this last remainder is y* — y»=0 ; that is, the process ter- 
minates at the m^*> term, since the remainder is equal to ; and the 
division is consequently exact. 
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The last term of the (jootient nmy be obtained by oonsidering the 
(f»— !)**» reaiainder, which will be ay*~* — y*, which divided by 
X — y gives y*~"*. In the same way, from the (w>— 2)™^ remainder 
the last term but one of the quotient is found to be xy*'^. The form 
of the <]TX)tieBt is therefore evident, and we have 

The number of terms in this quotient is equal to m; for y is con- 
tained in all the terms except the first, and the exponents of y are 
ly 2, 3, 4, &c. to m — I; so that the number of terms containing y 
is m — 1^ and the whole number of terms, including the first, is 
tn — 1+1 or w. 

xohttli^ nt %i positive, negative, integral orfractionaL 

The value of this quotient, when m is a positive integer, has been 
ibund in the last article to be 

When 2;=y, this equation becomes 

But the number of terms in the right hand member has been shown 
to be «i, therefore we have 

X — X 

so that our proposition is true when yti is a positive integer. 

To extend it to the other cases, pibst, let m be a negative integer, 
or let m= — n. 
Then we have 

afi — yi» af-« — ^y~» x^^y-^(y*—x*) — ^a?— «y~"(a7"— y*) 
X — y ~~ X — y X — y x — y 

But n is a positive integer; therefore, by what has just been shown, 
when a;=y 

X — y X — X 



Also, ar-*»y-«=5a?-«ar-»asa?-2'', (Art. 5.) 
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Therefore, when xssy^ we have 

ar-*— -t/— » X* — t/" 

x—y ^ a:— y * 

or restoring m, 

— — — -=ma?^*, in being a negative integer. 
Sscom). Let m be a positive fractiany or m=:i^» 

Then, ?!=ir^£l:z|L\ 

i j_ 

Let X9 ssv, and yff =:«; then substituting we have 

p_ 2. ^ — *^ 

x^ — y9 ifl — %fi V — u 
^-^Z^^iiSZS*^^' (dividing both nuiner. 

ator and denominator by v— w,) But p and 9 are positive in- 
tegers; therefore, when a?=y and consequently v=tt, we have 

tr« — ttfl tj« — r« 1— ~ 

which values substituted give 

x9 — yf px9 "^ g p i-^i 

qx '^ 9 
or restoring m, 

ai"*— — au** 

— — - =:maf^^, m being a positive fraction. 

Third. Let m be a negative fraction^ or m= — . 

L jL 

Then ?!z3C:«f_lzJLlL 

aN— y a?— 4^ • 



^.. 
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Let X 9 =Vy and y 9 =su; then a?"" ^ saatr*, y « a=w-», x=««, 
and y=tfii (Art. 8,) which values substituted give 



X 9 — y q tr-» — w~» t> — u 



X — y ifi — uf^ ifl — tt« 



^ (dividing both 



V — u 

numerator and denominator by v — ti.) But — p is a negative inte- 
ger, and ^ is a positive integer ; therefore, by what has already been 
shown, when a?=y and consequently t;=tt, we have 

_- — - — B — — Mir^t-^^ — pa?"" g "" g . 

t; — u V — V 

v« — tfl v* — «« 1—4- 



t; — u V — V ^ 

Substituting these values, we have 

^"" ^— y" ^ ^ -^a?" g " g p ^_ £.- 1, 

a?— y 1-JL if 

or restoring m, 

— = =ww!;*-"*, m being a negative fraction. 

;. a>-a; 



^ - "^ DEMONSTRATION OF THE BINOMIAL THEOHEM. 

3d. It is required to obtain a general formula expressing the 
value of {a+by^f whether m be integral^ fractionaly positive or 
negaiive. In other words, it is required to obtain the general de- 
velopment of (a+6)*. 

In order to simplify, we resolve the binomial into two factors, 
thus; 

(a+6)«= [«a+7)]*=«-(l + ^)*,(Art. 11.) 

If then we obtain the development of (I H — j , we have only to 
multiply it by tf" to obtain that of (a+6)«. 
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b 
Let — =«, then to develop (1 +a:)* assume 

{l+x)^=A+Bx+Cai^+Dx^+ &c., (1) 

in which A, B, C, D, dz;c. are indeterminate coefiicients, inde- 
pendent of Xy and we are now to determine their values.* 
Now this equation must be true for any value of x; therefore, let 

XssiOy and we have 

(l)«=il, or A^l. 

Substituting this value in (1), we have 

{l+x)''=l+Bx+Cx'+Dx^+ &c. (2) 

Again, since the development is to have the same form for all 
values of 0?, let x=sy; then (2) becomes 

{l+y)M^l+By+Cy^+Dy^+ &c. (3) 

Subtract (3) from (2), 

(1 +a;)«— (I +y)»=5(a?— y) + C{x^—y») +2>(a?8— y«) + &c. 

Divide this by x — y, 

(i+x)--(i+.v)-^^ ^^ ^±y!+z>. ;!:^'+ &c (4) 

X — y X — y X — y ^ ' 

Let l+a?=v, l+y=M; then x — y=v — m, which values substi- 
tuted in the lefl hand member of (4), give 

- — ^=5+c. =: — ^ +z>. ^^^ — ^ + &c. (5) 

V — u X — y X — y ^ ' 

But when a:=y, w=m, and we have, by Art. 32, whatever be the 
value of m, positive, negative, integral or fractional, 

= =mt;*-*==mf 1 + a?)*~*« 

V — u V — V 

And we have also for the quotients in the right hand member of (5), 
when a?=ay, by Art, 32, 

^ = ±.==2a?«-*=2x, ^=Sar»-*=3ir«, &c. 

X — ^y a? — X a>— y 

' ^- — ■ - — . — — — — ^ — . — — ■ . . 

• The coefficients A^ B, C, A &C'> being indefinite, the expression 
Jt + Bx + Cafi + &c., may be assumed to be equal to any quantity what- 
ever. It is then to be shown what values these coefficients must have, in 
order to satisfy the equation. 
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These values substituted in (5), give 

m{l + x)^^==B+2Cx+SDai»+4E3ii^+ &c. (6) 

Multiplying this equation by 1 +rr, we have 

m{i+x)'''=B+2Cx+SDx^+AEx^+ &c. 

+ Bx+2Cx'+SDx^+ &c. 
=B+{2C+B)x+{SD+2C)x^+{AE+SD)x^+ &c (7) 

But if we multiply (3) by m, we have 

fn{l+xy^=m+mBx+mC3i^+mD3fi+ &c. (8) 

Forroiog an equation from (7) and (8), we obtain 

B+(2C+B)x+{dD+2C)a^+{^E+SD)a^+ &€.« 

fn+mBx+mC3i^+mD3c^+ &c. (9) 

But this equation is of the form treated of in Art. 28 ; for its co- 
efficients are quantities independent of x^ and the equation is true 
for all values of x. Therefore, the coefficients of the like powers of 
x are equal each to each, and -we have 

Bi=m whence 5 = m 

tu ^ ^ 

4 4 2.3.4 

&c. &c. &c. 

These values of J?, C, />, E, &c. substituted in (2), give 

,,,.-. , 7n(m — 1) _ , m(m — l)(m — 2) „ , 
(l+ar)»=l+ma?+-A.^ V+ ^ ^ ^^^^ ^a:»+ 

»n(m— l)(»n— 2)(m— 3) ^ , ^ ,,_. 

2.3.4 '^ + ^' ^^^> 

which is the general development of (1 +a:)*. The Zatr of the series 
is evident, and any number of terms may be written at pleasure. It 
only remains to find the development of (a+&)"** In (10) restore 

the value of a?= — , we have 

a 

.1+^.^+ -_ _^+ __ -.+ &C. 



(•4) 
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Finally, multiplying by a*, we obtain 

m(m — l)(m — 2) , « ^..v 

^ , \ U'^b^+ &c. (11) 

which is the general formula for the development of any binomial 
(a+^)», whatever be the values of a and 6, and whether m be 
positive, negative, integral or fractional ; and this formula is known 
as the Binomial Theorem of Sir Isaac Newton. 

34. If in formula (10) x be made negative, the uneven powers of 
X will be negative and the even ones positive, (Art. 14), so that the 

formula will become 

/* \ , . wi(in — 1) o m(m — l)(m — 2) ... ..^^ 
(1— a?)«=l— 1110?+ -^; — ^a* ^ — jTq ^«»+ &c. (12) 

FormulaB (10) and (12) may be expressed in one formula, thus; 
(l±x)«=l±m;r+"^^^^x«±^^^p^^x'+ &c (18) 

35. If we make b negative in (11) we shall find in the same 
manner 

(a--5)«==c<«^-ina»-i64.^?i^^IIl^^ &c (14) 

Expressing (11) and (14) in the same formula, 

(a±6)-=a-±fflo— »6+^^^^^W6«=b &c (16) 
Formula (13) is only a particular case of (15) when assl and 

36. In assuming our series we included all the powers of ar, from 
upwards ; so that the above developments are series of an infimXe 
number of terms. But when m is a positive integer, the series will 
terminate at the (m+l)*** term, and all the succeeding terms will 
vanish, or become =0. For by examining formula (15), it will be 
seen that the 2d term contains the factor m, the 3d term the factor 
m — 1, the 4th term the factor m — 2, &c., and the (m+2)"^ term 
will contain the factor m — m or 0, which reduces that term to ; 
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and since all the succeeding terms also contain the same factor, they 
all become 0. There will, therefore, remain m+l terms only. 

The literal part of the (m+iy^ term will be cr-^b'^=a^b^=b'*^ 
(Art. 26,) and the coefficient will be 

m{m-~l)(m — 2) (wi— cm — 2))(m— Km — 1)) 

2.8.4 ...... '(m— 2)(m— l)m ' 

or reversing the order of the factors in the denominator 

m(m — l)(m — 2) *. . . . 2 . 1_ 

m(m— l)(m— 2) 2 

Hence the (m+l)*** term, or last term, is simply 6*, which is an- 
alogous to the first term a*. It might be shown in the same manner 
that the term preceding the last is mab*^^y and in general, that <Ae 
terms equally remote from the fir ^ and last have equal coefidenis* 
But this appears more readily by taking the development of (6+a)*, 
which is of course identical with that of (a +6)*. We have at once 

(6+a)*=6«+m6*-*a+^^^^^^^^6*-»a«+ &c. 

37. When m is not a positive integer it is evident that no one of 

the factors 

m, m — 1, m — 2, m — 3, &c. 

r can be equal to ; so that the development will, in that case, be an 
\ infinite series.* 

• This celebrated theorem is generally ascribed to Newton, but Hutton, 
in his History of Logarithms, shows that it was used in a particular form 
by several mathematicians before the time of Newton. He mentions 
Lucas de Burgo, who, as early as 1470, extracted the cube root by the 
coefficients of the power of a binomial, but who did not go to any higher 
roots. Hutton proceeds ; ''And this is the first mention I have seen made 
of this law of the coefficients of the powers of a binomial, commonly called 
Sir Isaac Newton's binomial theorem, though it is very evident that Sir 
Isaac was not the first inventor of it : the part of it properly belonging to 
him seems to be only the extending it to fractional indices, which was 
indeed an immediate effect of the general method of denoting all roots 
like powers with fractional exponents, the theorem being not at all altered. 
However, it appears that our author Briggs was the first who taught the 
rule for generating the coefficients of the terms successively one from 



{ 

i 
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CHAPTER IV, 

APPLICATION OF THE BINOMIAL THEOBEM. 

38. The most simple application of the hinomial theorem is 
the ezpansioQ of a binomial with a positive integral exponent. To 
take the most simple case, let us find the development of {a+by. 
Making m=2 in (11), we have 

2.1 
Here the coefficient of the 3d term is -^ or 1, and 0®=!; there- 

fore, this term is simply 6*. The coefficient of the 4th term is 

2.1.0 2 

-l-l-=---XO=0; therefore, this term is equal to 0, and all the 

succeeding terms are equal to 0, since they all contain the {actor 
2 — 2 or 0. Therefore, our development contains but three terms, or 

which agrees with the result obtained by the actual multiplication 
of {a+b){a+b). 

The dd power ofa+b will be found from the formula in the same 
manner j by making m=3, we shall find 

(a+6)«=a8+3a«6+3a5»+6«. 

The 5th term, and all the succeeding terms vanish, and there 
remain only four terms, or m+1 terms, as was shown in Art. 36. 

another, of any power of a binomial, independent of those of any other 
power." It seems, nevertheless, that Newton was not acquainted with 
what had been done by Brigg'S. In another place Hutton makes the 
following remark: **But I do not wonder that Briggs' remark was un- 
known to Newton, who owed almost every thing to genius and deep medi- 
tation, but very little to reading : and 1 have no doubt that he made the 
discovery himself, without any light from Briggs, and that he thought it 
was new for all powers in general, as it was indeed for roots and quanti- 
ties with fractional and irrational exponents.*' — Hutton'a Inirodudion to 
Mathematical Tables, 
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39. To fiod the 6th power oCa+b, Id (11) make ms=6; then 

{a+by=a^+6a'b+15a*b»+20a''d*+ &c. 

Here we have found the first half of the coefficients, but it is un- 
necessary to find the remaining ones by the formula, since, as was 
shown in Art. 36, the coefficients of terms equally distant from the 
,firU and last terms are equal to each other. Therefore the remain- 
ing coefficients will be the same as those already found, but taken 
in the reverse order. Hence the complete expansion is 

{a+by^a^+6a'b + 15a'b»+20a^b^+16a^b*+6ab^+bf^. 

The literal part of the expression is easily put down, observing in 
all cases that the exponents of a commence at the highest in the first 
term, and decrease regularly by 1, and that those of 6 commence in 
the second term with 1, and. increase regularly by 1 to the highest. 
The expansion of (a — by is found in the same manner from (14) 
to be 

(0—6)9 ^ ««— 6a*6 + 1 6a*6»— 20a»6» + 1 5a»b*—6ab^ + 6». 

40. Any binomial may be involved by substituting in our formulae, 
for a, b and m. For example, required the 5th power of 2x — 3y. 
In (14) substitute for a, b and m the values a=2ar, b=s3y^ fiis=5, 
and we obtain 

<2a:— 3y)«=(2a:)»— 5(2a;)*(3y) + 10(2a:)8(3i/)»— 10(2a?)«(3y)»-f 

5{2x){Syy-{Syy, 
B=32a?5— 240a:*y+720a?V— 1080a?Y+810ay*— 243y». 

EXAMPLES. 

1. Find the 7th power of lzb2y. 
In (13) put a:=2y, m=7, then 

(1 zb2y)7=l±14y+84y»±280yH 560y*±672yH448y8±128y7. 

2. Find the 4ih power of 2+Axy, We have 

(2+4a:y)*=2*(l +2ary)*=16(l +2a)y)*. 

(1 +2a:y)*=l +8a:y +24a?y +32arV+16xV» 

(2 + AxyY = 16(1 + 2xyy = 16 + 128ary + 384a«y8 + 

512arV + 266a:r*y*. 
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3. Find the 4th power of 3o"c — 2bd. 

Ans. 81a«c*— 216a8c»M+216a*c«6«(P— 96a»c6»d»+16&*#. 

41. Expansion of binomials toith negative integral exponents. 

This is e£^ted in the same way as in the case of positive integral 
exponents, hy substitution in formulsB (13) and (15), these formulae 
having been proved true for any value of the exponent. Therefore, 

to expand (a+6)-Sor (Art. 20,) —t-tj in (15) let fii= — 1, and we 

have 

(a-|.ft)-i-:a-i_cr"6+flr»6*— a-*5»+ &c., 

or ;=— 1--:; -+ &C. 

a+b a aS"^ a"" a* 

which is, by Art. 37, an infinite series. The same result will be 
obtained by actual division : 



•4 



-+-. — &;c. 



b 




a 




b 


b* 


a 


a' 


b^ 




a* 




^ . 


b» 


?+ 


a' 



&c. 
from which it is also evident that the series will never terminate. 

To convert the fraction , into an infinite series; in other 

1+a? 

words, to expand (1 +a?)-*. 

In (13) let m=— 1. Then we have 

(l+ar)-*=l— a:+a?»— a:'+ &c. 

or -_-.-al— ar+ar*— ar^H- &;c. 

If in this equation we make a:=l, it becomes 

i-= 1—1+1—1+ &c. 
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This singular series is only the limit of a large class of series 
which are divergerUy or whose terms instead of constantly decreas- 
ing go on increasing to infinity; so that the sum of any number 
of terms can never express the value of the series. In the above 
example the sum of 2 terms is 0, of 3 terms 1, of 4 terms 0, &c«, 
from which nothing more can be inferred than that the value of the 
series is between and 1.* 

42, A series, however, is readily obtained which correctly ex- 
presses the value of the fraction •—. Take the fraction r-, or 

2 1 

xH — 
af+~V, and in (16) letaaar, ft=*o-» m«i— 1 ; we have 

Now let a?= —-, then — = — , and we have 
2 X 3 

12 14 18 1 16 

2"=¥~2"-"9+T-27~¥*8l"''^°- 

• The distinguished Lsi bxitz, however, according' to Laplace, imagined 

that the form of this series warranted the deduction from it of the value -— . 

He observed, " that the series becomes or 1, according as we take an 

even or an uneven number of terms; and as in infinity there is no reason 
for preferring the even to the uneven number, we should, according to 

the rules of probabilities, take the mean, which gives •— for the value of 

1+jp 
the series." But this reasoning is fallacious; for if the fraction 



be converted into a series, it will be found to be 

1— a?3 + x^—x^ + a?^— &c., 
2 
and when a? =» 1, the fraction becomes ~ and the series 1 — 1 + 1 — 1 + &c. 

It appears, therefore, that the value of this series is indefinite, and that it 

may correspond to various fractions between and 1. — Laplaeey Eaaai 

Philosapkique sur ks ProbabiUUa. 
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2 2 2 2 

3 9^27 81^ 

40 I 

The sum of 4 terms of this series is --, which differs from -- by 

ol « 

j^ ; the sum of 6 terms is — -, which differs from ~- by only -— ; 

and the greater the number of terms we add together, the nearer we 
approximate to the value —-, which is therefore the value of an in- 
finite number of terms. A series of this kind, in which the terms 
decrease to infinity, is called a convergent series* 

43. If in (13) we make m^ — n, we shall find 

2 « • o 

or reducing 

(ldba?)-«=:izpna;+ ^ ^ V=f ^ 2.3 ^"*" ^' ^^^ 
If in (1 5) we make fn=s— n, we shall find in the same manner 
(a=b6)-«=a-"=pna-"-*6 + ^^^7" ^ a-*-»6^=p 
n(n+l)(n+2) ,^, . , 

« • o 

or by Art. 20, 
• _i 1 (.b n(n+l) b' n(n+\)(n+2) b" x 

These two formulae (16) and (17) may be« used to expand bino- 
mials with negative integral exponents instead* of the general 
formuloe ; and will be found much more convenient in practice* 

44. Thus, to expand ^^^, oryx^-^^^^.. By(17),inakiDg 
as:3a;, b=y, n—2, we find 

_! Lri_2rJlU— (^V-?:2:^('^Y+ &c^ 

(3a?+.y)»"'(3a?)>\ \'6x)^ 2 ^Zx) 2.3 \^x) ^ "^'J 
multiplying by y and reducing 

(Sx+yy^dj^y Sx^ds^ 27a^^81x* 7 
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BXAMPLE8. 



2. — -=l+a?+««+««+a?*+a?*+a?«+ar'^+ &c. 
When j?=s— this becomes 

3. pq^-l— 10y+60y«— 280y»+ &c. 

aa? a?/ 7^ x^ x^ «\ 
a«— X" a\ a^ (X^ a^ / 

45. Exparuion of Mnomials tnth pontive fractional exponents. 
It will be convenient here, as in the last case, to obtain a formula 
for fractional exponents* 

In (18) let m»^, we find 



£(£_,) £(£_,)(£_j) 

If in this formula we make J9=l, it becomes 
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Formula (18) may be expressed also in the following manner : 



p 



^ n ^ n.2n n.2n.'Sn ^ 

p(p-n)ip-2nXp-Bn) 

n . 2n . 3n . 4n ^ ' 

and a similar notation may be employed in (19) and (20), 

Por example, to find the square root of 1+a? ; that is, to expand 
(1 +x)^ into a series. Making n=2 in (20), we find 



2 2.2* '2.3.2» 2.3,4.2^ 

or reducing the denominators as in (21), 

3^.7 . 3.5.7.9 



^— 0.^0,^,0 ^^+ &C 



2.4.6.8.10 2.4.6.8.10.12 



EXAMPLES. 



='\i 



1. (o+*)*=aT(l +£) 

la; 2 /x 






iT 



• 2. (ci-x.)U(c«)l(l- J)^ 

_|/3a:»3a;«5a:« x 



»^^ 



8. (a±6)"=a»(ldb-') 

V n-o+ 2.n» '5^=^ 2.3.n» 'o^-^^) 



» 

f 
I 
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46. Expanrian of binomials tnih negaiivtfrwsAcn(dexp<mmU. 

To obtain a formula for this case we have only to make — nega- 
tive in formula (18) obtained in the last article. This will be 
effected by making either p or n negative ,* therefore for n sub- 
stitute — n, and we have 

Making n negative in (19), we have 

/,_L_ x-i , 1 .^+1^ («+l)(2n+l) . . . 

(lio:) "-l^T^^+aSi-^ g.lnB W &c. (23) 

In these formulae we may express the denominators as in (21). 

For example, to expand (a— 6)""3r or — - , we have 

y/a — b 

(,..,-»..-lx(.-|)-l-i-.(.-i)-* 

[making a?=— , na=2, in (23)] 



EXAMPLES. 



1. li—tgfy ^--i+— x8+-l-.a^+-:_:_a?fl4. &c. 
1. ^^1 .i;-; ^^a"^ ^8.6 ^3.6.9 ^ 

,—4 1/ 1 aj" 5 a?* 6.9 aH» < 

„ / ■ ,x-| 1/, 16,6 &• 6.11 6» , , \ 



a^ 



«* /, , 1 a? 3 iT* 3.5 «• 3.5.7 x* , \ 



iri'jifAartif"T-Mi 
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47. JftvoZtift'oft of polynomials. 

For example, to expand {x+y+zy. In formula (15) make 
a^x+y^ b=Zj w=3, 

{x+y+zy=.(x+yy+S{x+yyz+S{x+y)z'+zK 
Then expanding {x-\-yy &c. 

Kie+yyz^3x^z+6xyz+f\7^Zy 
^x+y)^^Sxz'+'Sy:^, 

The sum of these equations gives 

{^+y+zy^x^+Sx^+Sxy^'j'y^+23^z+6xyz+Sy»z+Sxz^+ 

Byz^+zK 

To expand (a+6+c— rf)*, we have by our formula 

in which make x^asa+b^ y^c — d\ we shall find 

(o+6+c— d)* = a* + 4a»6 + 6a*6" + 4a6» + 6* + 4o'c + 12a«6c 

+12a6«c + 4^»c— 4a»d— 12a«6(/— 12a6«ii— 46»d 
+ 6a»c« + 12a6c» + 66»c« — 12a«cd — 24a6cd 
— 126W+6a«d«+12a6d»+66»d»+4ac*— 12a6y 
+12acd"— 4ad«+46c»— 126c«d + 126cd»— 46d» 
+ c«— 4c»d+ 6c»d*— 4cd» + d*. 



EXAMPLES. 

1. (a+ fty+cy")»«a» + 3a%+ (3a»c + 3flr6%«+(6a6c + 6«)y» 

+(3ac«+36«c)y*+36cy+cy. 

2. (1— ar + a?»)» =1— 6a? + 21ar*— 50a?'+90a?*— 126a?»+141a:« 

— 126ar7+90x«— 60ar8+21a?"— 6a:"+x". 

3. (a»+fl*ft+a6"+6»)* = a*«+4a"6 +10a*«6» + 20a»6«+31a»6* 

+ 40ay6« + 44a«68 j^ 40a5ft7 + 3104^8 

+ 20a»6« +10a»6" + 4a6" + ft". 
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EXTRACTION OF ANT ROOT OF A NUMBER. 

48. Any root of a number may be found by the binomial theorem 
by dividing the number into two parts and considering it as a bino- 
mial. Thus, to find the 3d root of 28, divide it into 27 and 1 ; then 

V?28=(27+l)*=27^(l + i)^=3(l+l)i 

/ 1 \* 1 

Now to develop (I+07/ > ^° (^^) ^^^' ^^» ^^^^ ^"^27' ^^^' 

0+27) ==^+3-27-2:3-«-(27) +2:3":3i-(27) " ^'• 

= l + i —J{ &c. 

^81 6561^1694323 

The first three terms of this series are equal to ttt^ttj or 1.0122 

6561 

nearly. The fourth term is less than .00001 ; so that if we wish 
to find the root to four places of decimals only, this term, as well 
as all the succeeding terms, may be neglected. Therefore we have 

v^28=3(l+^)^=3xl.0122=3.0366 nearly. 

We divided 28 into two such parts that one of them was an ex- 
act power of the third degree, and also the greatest contained in 28. 
The general method of proceeding is expressed in the following 
rule : To find the n** root of any number, first find by trial the 
nearest integral root (a); divide the given number into two parts j 
one of which is the n'^ power of (a) ; and consider these two parts 
as the terms of a binomial which may be developed by the binomial 
theorem. 

49. Sometimes it is expedient to use the power next greater than 
the given number. Thus, to find the fiflh root of 30 we may put 

^/30=(32-2)i=32i(l-l)*=2(l-i)*. 



\ 
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Then by (20), Art. 45, making *=Tb» m=5» 

/ 1 1 L-,_& \ 

"*■ \ 80 3200 256000 / 

(taking three terms of the series,) 

3150 
=2x^^;7r;r=1.9744 to within ,0001. 
u«00 

The greatest integral power of the 5th degree less than 30 is 1, 
which would lead to a divergeni series. 

50. If the root is desired to a greater number of places, a greater 
number of terms of the series must be taken. By the following 
method, however, we may approximate to any degree of accuracy 
with the use of only the first two terms. Thus, to find the square 
root of 8, we have 

^8-(9-l)i-3(l_i)* 

\ 2 9 2.2» \9/ / 

(taking the first two terms,) 

17 17 
»dX7T»-^>=2.83 nearly. 

lo t) 

Taking 2.83 as a first approximation, we now divide 8 into two 
parts, one of which is the square of 2.83. We then have 

1 / 89 \i 

^8=[(2.83)»_ 0.0089]*=2.83(l— j^^^ 

=2.83- ^^><"-ll„=2.83- ^« 



2x283x283 56600 

=2.83— 0.001572=2,828428, which is correct with- 
in 0.000001 or -^. 

10" 



» 
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Taking 2.828428 as a second approximation, we shall find 
V8=:[(2.828428)«— 0.000004951184]^. 



2x2828428xl0U0000 
=2.828428—0.000000876254 
»2.82842,71247,46, which is correct in the last 
place ; that is, within -— ^. 

It is readily shown that the third term will not afiect the 12th 
place of decimals. This term will be 

gegflige.^ ^ (495ii84)' 

which may be expressed approximately thus, 

£ (5,000,000)« 3x(5xl0« )« 75 1 

10^(8,000,000,000,000y"~10x(8xl0^""64xl0"'^10"* 

51. The approximation may be effected also in the following 
manner.* 

Suppose the m^^ root of any number N is sought. Having (bund 
an approximate root a, let 6 be the difference between a* and N^ or 

Then iV"> will be equal to a, 'plus or ndnuz some number which 
call z ; that is, let 

N^=^a±Zy Of N^{a±zY. 
Then we have 

or ft=s=mfl^^2^±— 1— — ^a*-2z2+ &c. (^ 

At 

* * FrancoBUT, Alg^bre, no. 488. 



T«-<^K^ra« 



/ 
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Now for a first approximation neglect the second and the following 
terms, and take simply 

whence we derive 

h 

This value of ;?, substituted in the second term of {A\ gives 

- . , m(m — 1) ^ h 

2 »IMI*~* 



whence we derive a second value of z^ 

2ab 



«=«: 



■2mird=(m — 1)6' 

In this value substitute the value of 6=:=i=(i^— tf') and it becomes 

^ ±2a(N—ar) ±:2a{N—a^) 

^'~2ina«+(m— l)(A^---a«)'"(»?i--l)A^+(m+l)tf»' 



Finally, substituting this vcjue of 2:^ we have 

1 
^~ ^a±iz 

2g(iV-a«) _ (m+l)^+(m-l)a« 

■^(m— l)A+(m+l)a« (m— l)iV+(»»+l)o«' ^ ^ 

With this formula we may, by successive substitutions, approximate 
to any degree of accuracy. 

For example, find the square root of 8. In the formula make 
fiiss2, we have 

' SN+a» 

In this let i^r=8, and substitute as a first approximation, aaS. 
Then we have 

oi o 24+9 „ 33 99 ^ „„^ 

8^=3x ^=3X — ss — :b2.829. 

'^8+27 35 36 

6 ^ 
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Then subBtitiitiog aas2.829, we have 

J: «««« 24+8.003241 ««««,« ^,«^„e 

which agrees with the root found in Art. 50. 

In the same way we may approximate very rapidly to any root 
of a number. The general formula will become for the particular 
cases 

..1 5N+3a* » SN+2a* . . 

This very convenient method of approximation was first investi- 
gated in a general manner by Hi7T1X)n. See his " Tracts," Vol. I. 
p. 45, et seq* A similar method, however, had been before em- 
ployed in the extraction of the cube root by Mr* J. Dodson, and 
also by Dr. Hallet. 

52. An important facilitation in the oroJlnary mode of extracting 
the square root is also suggested by considering the binomial square. 
Let N represent the number whose square root is sought, and a an 
approximate root correct to n places of decimals ; and let :c be the 
correction to be added to a, or the difference between a and the true 
root ; then the first significant figure of « must be ia the (it-f 1)^ 
place, and a+x represents the true root of i>r; that is, 

JV=a(a+a?)*=a»+2flrc+ir». 

Now since the first significant figure of x is in the{n+l)*^ place, 
the first significant figure of x^ is at least in the (2n-|-l)^^ place. 
Hence, if we desire the root to 2n places only we may neglect a:*, 
and the above expression becomes 

' N=a^+2aXj 

* A first approximation may be found to five places of figures with the 
ud of logarithms, (for which see Chapter VI.,) and by the above methods 
we may then extend it to any required notnber of decimals. 
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48 



whence we have 



Xss- 






That is, having found an approximate root a, subtract its square 
from the given number^ and divide the remainder by 2a for the 
remaining figures of the root^ which vnll be a^ccurate to twice as 
tmny places as there are in a« 

To illustrate this, take the above example, viz : to find the square 

root of 8. 

8 I 2*82842»71247, 

l' 
48 I 400 

1 384 

562 I 1600 
1124 



aai2.82842 

iV-^«=.O0004,03036 

J 

2a«5.65684 269 

226 

ar«.00000,71247 IS" 

39 

a+x»2.82842,71247 (true in the last place.) 4 



5648 47600 
45184 

56564 \ 241600 
226256 

565682 1534400 
1131364 


5^6^5^6^8^4 


403036 
395979 

7057 
5657 

1400 
1131 



.71247, 



y 
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CHAPTER V. 

EXPONENTIAL EaUATZONS. 

53. An exponential equation is one in which the unknown quan- 
tity is an exponent. Thus, 

is an exponential equation from which, a and b being known, the 
value o£x may be found. 

It is evident that if 6 is some exact power or root of a, the value 
of a? is the exponent of this power or root. For example, if as&2, 
5^8, the equation becomes 

2«=8, 

in which x is evidently «=3, since 2"=s8. 

If a=16, &=a2, then 16*=2 ; from which we find 3?=—, since 

4 

16^=2, or ^/T6=2. 

If 08=2, &=~, then 2*=—; from which we find aj= — 6, for 
64 64 

If a=^-jrg^, 6=10, then (iT^tjj;)*™!^ 5 fro"* which we find 

64. When b is not an exact power or root of a, the solution of 
the equation is not so readily efiected. There are methods, how- 
ever, of approximating to the value of x as nearly as we please. 
The following is that of Lagrange. Take the equation 

Now 10»=100 and 10'=1000; that is, 10» is too sroal?and 10» 
is too great. Therefore the value of a; is between 2 and 3, and is 
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equal to 2+ some fraction. Represent this fractional part of x by 
-T ; that is, let | 

then our equation becomes 

j_ 

lo' *'=600, 

or (Arts. 5 and 21,) 

10«X 10^=500, 
whence we have 

, Ji 500 ^ 
10* 

Involving to the power denoted by x\ this becomes 

10=6*', 

which is another exponential equation, from which we are to find 
the value of x'. Now 6*=5 < 10, and 5«=26 > 10. Therefore x' 
is between 1 and 2. Let 

then we have in the same manner as above 

6*+x''=io, or 6x5»^"=10, or 5'"=:^=2, or 

5 

6=2*", 

from which we are to find x". We have*2«=4<6, 2»aa8>6; 
therefore x is between 2 and 3. Let 

x 

4.-L -1- «i fi 

then 2'"*"«'"=6, or 2«"'=^1, or 

2* 4 

in which we find 

/5x8 126 .128 ^ 

(?)-6r<64"'^' 

/6\4 625^612 „ 
^°^ (4)^266>256"'^' 

therefore x"* is between 3 and 4. 
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This process may be continued at pleasnie, but we may now eon- 

sider 3 as the approximate value of a;"'. By substitution we shall find 

X 7 7 

1 7 27 

* ^ x' ^10 10 

27 AI 

Therefore jt; i^ <^Q approximate value of x\ that is, 10"^, or the 

10**» root of the 27^ power of 10, is nearly equal to 600. 

27 

The exponent — may also be expressed in the decimal form 2.7 

and we may write 

10^y«600. 



55. As another example take the equation 

8-^=20, 
in which x is evidently between 1 and 2. 

Let x=: 1 H — :, then we have 

X 



8 2 



6\«' 



in which x is between 2 and 3. 



Let «'« 2 +4, then 

X 



/5\» + p7 /5W# - /2\a 32 

(2) •=8.or(^) =8x(^)-^.«r 



/32\Ar"^^ 

\25/ "^2' 



in which x'* is between 3 and 4. 



"1 
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/82\ » + ^ 6 f2.2\^, 5 ^ /25\« 78125 
^25} "T'^^'iSBJ =2 ^132}=' 65536'°' 

/78126\«'"'^32 
\65536/ '^2b' 

which equation will be more convenient if we employ decimab* 
Taking the decimals to two places, it is approximately 

(1.19)*'"= 1.28 
in which x'" is found to be between 1 and 2. 

Let «'*'=! +i-, then ^ 

(1.19)* ■'■*«'= 1.28, or (1.19)^=^^=1.08, or 

(1.08)*'''= 1.19, 

in which a^" is found to be between 2 and 3. Taking 2 as its ap- 
proximate value, we shall have 

1 13 

x"=8 + ^,=3+|=H 
r « . 1 « /3 26 

a,'=2+-,=2+-=_ 

The approximate value of x is therefore ^, or 1.44 ; whence 

8*^=20, or 8*-**= 20 nearly. 

That is, « the 2b^ root of the 36*»> power of 8 is nearly 20." As 
to the decimal form of the exponent 1.44, we may remark that 
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44 144 

it is equal to IrjwT or — jr, and may therefore be read as "the 

100^ root of the 144'*» power." So also in the equation 

109.778^600 

2778 
the exponent is equivalent to , and the equation may be read, 

" the 1000t»> root of the 2778*»» power of 10 is equal to 600." If the 
decimal were taken to four places, we should supply the denominator 
10000 or 10^ ; if to five places, the denominator 10^; and in general, 
a decimal fraction tnth n places of dedmaUy may he converted 
into a vulgar fraction by placing under t< 10" and removing the 
decimal point* 

The decimal form is the most convenient when the exponent is 
not an exact fraction* 

56. If in the equation a'^^h one of the quantities (a and h) is 
less than unity, and the other greater, the value of a; will be negative* 
Thus, in the equation 

we find a;=— 3, for 2-»=--==--. 
In the equation f—j =3.376, we find «=— 3, for f— j «= 



3.375 



\2) ~ 8 ~ 
In the equation 8*= — we find x =— --, for 8"^= -_.=,_.. 

An equation of this kind is solved as follows. Take, for example, 

8^= — . 
20 

Then since x is negative, let x= — y, and we have 

111 

8-»= — or — = — , 

20 8» 20' 
whence 8««20, 
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which may be solved as in the preceding article. We shall find 
y= 1 .44, and a>= — y= — 1 .44. Therefore 

1 

Q— 1.44 

EXAMPLES. 

1. Find the value of^ in the equation ^"^=1^. Ans. :r=2.46. 
2 Find the value of x in the equation 10^= 3. Ans. ar= 0.477. 

3. Find the value of x in the equation 10^=300. 

Ans. x= 2.477. 

4. Find the value of x in the equation 10*=--. 

o 

Ans. x= — 0.477. 



CHAPTER VI. 

NATURE AND USE OF LOOABITHMS. 

57. The nature of logarithms will be readily understood by con- 
sidering the exponential equation 

We have seen in the last chapter that if a and b are given, the 
value of X may be determined. In fact, a and b may be any two 
numbers whatever, and x will have a corresponding value which 
will satisfy the equation. If we suppose a to have a constant value 
as 10, and 6 to be successively 1, 2, 3, &c., we shall have the 
equations 

10*=1, 10*=2, 10^=3, &c., 

from which the value of x in each case may be found by the 
methods already given, or more expeditiously by those given in 
Chapter VII. We have in the first equation a:=0, for 10°=1, 
(Art. 20,} and in the others 
7 






50 LOGARITHMS. 

07=0.301 or 10«>«»»*=2 or 10TV*<5^sss2 
a?«0.477 10°-*77— 3 lO^VirV—s 

ar=0.602 l0»-««»=4 lO^V^— 4 
&c. &c. &c. 

And in the equations 

10*=11, 10*=12, &c. 
we shall find 

ar= 1.041 or lO^-^^^^ll 

a?=1.079 10*-«'»=12 

Again, making 6=—, -5-, — , &c, and determining x from the 

« 4 

equations 

10«-i, 10*==i, 10*=i, &c. 

by Art. 56, we shall find 

a;=— 0.301 or 10-»-»o*=l or ^ ^ 



2 ioo-»»* 2 

ar=-.0.477 10-^-*75'=i -J_«l 

3 lO'^*" 3 

&c. &c. &c. 

We see then that any number whatever may be considered as some 
power* of the number 10. For all numbers greater than unity the 
exponent of 10 will be positive^ and for all numbers less than unity 
the exponent of 10 will be negative* 

58. In the same manner any other number (except unity) may 
be made to express all numbers whatever by affixing to it a proper 



* The word power is frequently applied, as in the text, to all quantities 

aifected with exponents. In this sense, fl* is a power of fl whose degree 

1 — 
is—, a* a power whose deg^e is — . This generalization of the word 

power becomes necessary by the extension of the notation of integ^l 

powera to negative and fractional exponents. 
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exponent. It is evident that unity is excepted, since all the powers 
of 1 are 1. 

A constant number being thus assumed, the series of exponents 
which must be assigned to this number in order to express the 
series of natural numbers, 1, 2, 3, &c., may be calculated and 
arranged in tables for use. Such a series of "exponents constitutes 
a system of logarithms^ and the constant number assumed is called 
the base of the system. Hence the following definition : 

The logarithm of a number^ in any systemy is the exponent of the 
power to which the base of the system must be involved in order to 
produce t/iat number. 

59. The logarithm of a number is denoted by the abbreviation 
log.y or simply by the letter Z. or L.; and since a logarithm is nothing 
else than an exponent, we often use the notation 

a representing the base of a system, b any number, and log. b the 
power to which a must be raised in order to produce b. 

FHOPESTIES OF LOGABITHMS IN GENERAL. 

60. The logarithm of the product of two or more numbers is 
equal to the sum of the logarithms of those numbers. 

For let &, c, (f, &c. be any numbers, and a the base of any system 
of logarithms, then we have by the definition of logarithms 

£|l0g.»s36 

a^i'^^^d 
&c. 

Multiply these equations together. The first members being powers 
of the same quantity are multiplied by adding their exponents 
(Art. 5,) therefore we have 

£iiog.ft+iog.c+ioff.d+ , , . ^sbcd. . . 
But we also have, by the definition of logarithms. 
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therefore we have the equation 

whence log. bed . . . =log. b+\og» c+log. d+ . . . 

If, therefore, it is required to multiply two or more numbers 
together, we have ojily to take their logarithms from a table and 
add them together ; the sum will be found in the table to be the 
logarithm of the required product. 

61. ITie logarithm of the quotierU of two numbers i» espial to 
the difference of their logarithms* 

For b and c being any two numbers, we have 

Qlog.bssb 

Dividing the first equation by the second, we have by Art. 6 

l|log.& — log.e_. ^ 

C 

log. — b 

But we also have a * =--, 

c 

. ft 
whence the equation a *^ assa'®«'*""'<«% 

Therefore log. — =log. b — log. c 

To divide one number by another, therefore, we take their 
logarithms from the table and subtract the log. of the divisor from 
the log. of the dividend ; the remainder is found in the table to be 
the logarithm of the required quotient. 

62. The logarithm of any power of a number is equal to the 
logarithm of that number multiplied by the exponent of the power* 

For b being any number, we have 

a log. 6—-^, 

Involve this equation to any power, as the n^K The first member 
is involved by multiplying the exponent log* b by n, according to 
Art. 6, and we have 
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But a>o«*"=5", 

whence the equation a ^^s- *" = a» i°«- *, 

from which we have log. 6»=n log. h. 

Therefore, to involve a given number to any power, we multiply the 
logarithm of the number by the exponent of the power; the product 
is the logarithm of the required power. 

63. The logarithm of any root of a number is eqttal to the 
logarithm of that number divided by the index of the root. 
For to extract the n^ root of the equation 

we divide the exponents of each member by n» according to Art. 9; 
we thus find 

log, ft 1 1^ 

a » =6'^=x/6. 
We also have, by the definition of logarithms, 





a^og.^b^^b. 


Theiefoie 




whenoe 


log. \/*=-5- 



Therefore, to extract any root of a number, we divide the logarithm 
of the number by the index of the root; the quotient is the logarithm 
of the required root. 

64. 7%e logarithm ef unity is zero in all systems* 
For a being the base of a system, we have by Art. 26, whatever 
i s the value of a 

That is, log. 1=0. 

This follows also from Art. 60 ; for 

log- 6x1 = log. 6 + log. 1, 
and 6X1 is 6; so that this equation is simply 

log. b =5 log. b + log. 1, 
or = log. 1. 



■JHunHMteia 
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66. The logarithm of the reciprocal of a number is ike loga- 
rithm of that number taken negatively. 
For 5 being any number, we have 



whence we have 


1 

1 1 






or by Art. 20 





/ 




that is. 


log. T-™ — log. 6. 







This also follows from Arts. 61 and 64, thus : 

log. — = log. 1 — log. 6 = — log. h^Bt — log. b* 

66. The logarithm of the base of a system is uniiy. 
For a^^a ; 

that is, log. a sal. 

67. The student should make himself familiar with the mode of 
expressing algebraical quantities in logarithms. The following ex- 
amples will be understood by referring to the preceding principles* 

(abc\ 
-^J = log. a + log. b + log. c — (log. d + log. e). 

2. log. {a'^h'^ifl . • • ) SB m log. a-\-n log. h +/> log. c . . • 

3. log. ( — -—) = m log. a + n log. b — p log. c. 

4. log. y/ab^ — (log. a + log. 6). 

^ \a^bc 1 
5- log. J'^^' -g" (2 log. a + log. 6 + log. c — 2 log. d), 

6. log. (a»v^a»)=log. (a»tfT)=31og.o+ i log. a^^Xog.a. 

7. log. y/a^^^^ - [log. (a+a?) +log. (a — a?)]. 



••^'^^^■^ 
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8. log. ^a»+3J*. Here to apply logarithms we must resolve 
fl*+a:* into factors. Let 2ax=y^; then we have a»+ar«=s 

log. x/a'-f a:»= — [Iog.(a +a: + y) + log.(a+ x— y )] . 
The value of y is found by logarithms from y"s=2ax, 
2 log. y = log. 2 + log. a + log. x, 

^og- y=-2 (^^g- 2 + log. a + log. x). 
»• Jog- (Sqp^s^ — Jog. (a + a;)» = — 3 log. (a + a?). 

10. log. r j — ^ j = log. log. a — log. log. b, 

11. log.(a:»— 1) — log.(a?+l) + log.(a:— l) = log.(a;— 1)«. 

36 

12. log. 6 + log. 7 — log. 9 — log. 1 1 -t- log. X = log. -- a?. 

1 3. 3 log. a;+log. y - log.(a:»+ xy) - log.(y«+ a:y)=3 log. ( -^V *• 

\X'i-y/ 



* In some treatises, logarithms are defined to be "a series of numbers 
in arithmetical progression corresponding to a series of numbers in geome- 
trical progression." But this is not a definition, but a consequence fol- 
lowing from the definition ; it is moreover calculated to confuse the stu- 
dent, who finds in his tables that the natural numbers are arranged in 
arithmetical progression, and not the logarithms. 

If OP is the logarithm of 6 in the system whose base is a, we have 

a*-6, fl'-'-ftS fl»*-6S fl*^-6*, &c., 

whence we have the log^thms dp, 2^, 3a^ 4v, &c., in arith. prog, 
corresponding to the numbers 6, h^y 6', h*^ &c., in g^om. prog. 

Agpain, if we multiply the equation cfli>^h by the equation cPmmc^ we shall 
obtain 

fl*»6, a*+»«6c, fl^+*»— 6c', «*+''v=6c% &c., 

whence we have logs, x^ x^y^ a? + 2y, x +3y, &c., in arith. prog, 
and the numbers 6, bc^ b^, bc\ &c.» in geom. prog. 
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COMMON LOOARITMS. 

68. In the system of logarithms in common use, the base is 10 ; 
so that to construct a table of these, we have to solve the equations 

10«^=1, 10*=2, 10*=3, &c. 

We have at once the logarithms of the powers of, 10, thus: 

log. 1 «0, (Art. 64.) 

log. 10=1, (Art, 66.) 

log. 100=log. 10»=2 log. 10=2, (Art. 62.) 

log. 1000=log. 10»=3 log. 10=3, 

log. 10000=log. 10*=4 log. 10=4, 
&;c. &;c. 

also log. 0.1 « log. •— ! =s — log. 1 0=5: — 1, (Art. 65.) 

log. 0.01«log.^=— log.lO»«— 2, 

log. 0.001=log.j^=-log.lO»==— 3, 

log. 0.0001= log. :^ log. 10*=-4, 

&c. &c. 

* 

That is, the logarithm of a number composed of the figure 1 and 
ciphers, is equal to the number of places by which the 6gure 1 is 
removed from the units place, and is positive when this figure is to 
the leA, and negative when it is to the right of the unit's place. 

69. It follows from this, that if a number is 

between 1 and 10, its log. is between and 1, 

'* 10 " 100, " 1 " 2, 

" 100 " 1000, « 2 « 3, 

"1000 " 10000, « 3 " 4, 

&c. &c. 

and if between 0.1 and 1, its log. is between — 1 and 0, 

« 0.01 " 0.1, " —2 « —1, 

" 0.001 " 0.01, " —3 " —2, 

"0.0001 " 0.001, " —4 " —3, 

&c. &;c. 
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70. The integral part of a logarithm is called its characteristic, 
and sometimes its index. 

From the preceding table we perceive that if a number is be- 
tween 1 and 10, that is if it contains only one integral figure, its 
logarithm is between and 1 and consists of the characteristic 
and a decimal fraction. If a number is between 10 and 100, it con- 
tains two integral figures, and its logarithm consists of the charac- 
teristic 1 and a decimal fraction ; and, generally, a number between 
10* and 10*+* contains n^integral figures, and its logarithm has the 
characteristic n* 

Again, if a number is between 0.1 and 1, its logarithm is between 
—1 and 0, and is negative; thus, log. 0.3456=— 0.46143. But 
this mode of expressing negative logarithms is never employed ; it is 
found more convenient to regard the logarithm of a decimal frac- 
tion as composed of two parts, a negative characteristic and a 
positive decimal fraction. According to this method we shall have 
log. 0.3456=— -1 +.53857, which is equivalent to —0.46143. In 
like manner we shall have log. 0.03456= — 2 +.53857; and, gene- 
rally, a number being between -— and _^ , (that is, between 
10-* and 10-" + *,) its logarithm will have the characteristic — n. 
For the sake of conciseness, the characteristic is placed next the 
decimal with the minus sign over it; thus, log. 0.3456=1.53857, 

log. 0.03456=2;53857, which must not be mistaken for -1.53857, 
—2.53857. 
From these considerations we derive the foUowincr rule : 
The characteristic of the logarithm of a number is equal to the 
number of places by which the first significant figure of that num- 
her is removed from the unites place, and is positive when this 
figure is to the left, negative when it is to the right, and zero when 
it is in the unifs place. 

71. Let b represent any number whose first significant iSgure is in 
the unit's place ; its logarithm will consist of the characteristic and 
a decimal fraction, which represent by d. Then we shall have 

8 
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log. &bO+J, 

log. 10 6-slog. 10 +\og.b=l+d, 

log. 100 6=log. 100+log. b=2+dy 

and in general, log. 10»A=slog. 10*+log. 6s=n+(/, 

also, log- —= — log. 10 +log. 5= — 1+^, 

log. Yo5==— log. 100+log. 6=— 2+rf, 
and in general, log. -^= — log. I0"+log. 6= — n+d. 

These equations prove, in a general manner^ the preceding rule 

for the characteristic. We see also that the decimal part (d) of the 

b b 

logarithm is the same for all the numbers 6, 106, 10"6, --, — -. 

But multiplying or dividing a number by 10 does not change its 

significant figures, but merely removes the decimal point to the right 

or to the lefl. Hence we have another important property of com- 

mon logarithms, that the same decimal part is common to the logU' 

rithms of all numbers composed of the same significant figures. 

All this is exemplified in the following table : 

log. 12345 = 4.09149 

log. 1234.5 = 3.09149 

log. 123.45 « 2.09149 

log. 12.345 = 1.09149 

log. 1.2345 = 0.09149 

log. 0.12345 =r.09149 

log. 0.012345 ='2.09149 

log. 0.0012345 =£.09149 

log. 0.00012345 = 4".091 49 

&c. &c. 

72. On these properties depends the usual arrangement of the 
tables of common logarithms. None but whole numbers are placed 
in the table, and the characteristics of their logarithms are omitted. 
To find the logarithm of any number from the tables, we neglect the 
decimal point and take out the logarithm corresponding to the 
figures of which our number consists ; we then prefix the charac« 
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teristic according to the position of the decimal point, by the rule 
given above. On the other hand, in finding the number correspond* 
ing to a given logarithm, we regard only the decimal part of the 
logarithm and take out the corresponding figures from the column 
of numbers ; the characteristic then determines the unit's place and 
the position of the decimal point.* 

73. As the use of negative characteristics is apt to produce con- 
fusion in calculation by the mixture of positive and negative quanti- 
ties, it is most generally avoided by adding 10 to the characteristic, 
which is thus rendered positive. The logarithm may then be used 
in this form throughout a calculation, at the end of which we must 
make the proper allowance, adding or subtractiivg 10, as the case 
may be. No error can arise from this, as it is hardly possible in 
a calculation to make a mistake of 10,000,000,000. 

Thus, the log. of 0.3456 becomes —1 +.53857 +10«9.53867, 
and the log. of 0.03456 becomes — 2+.53857-f 10=8.53857. 
We have then this rule : 

The characteristic of the logarithm of a decimal fraction is 
equal to 10 minus the number of places by which the first signifi' 
cant figure is removed from the unit^^s place* 

If the negative characteristic were greater than 10, we should 
render it positive by adding 100. Thus, instead of 19.23471 we 
should use 81.23471, and reject 100 at the end of (he calculation. 

74. To find the product of two numbers* ^^ 

This is effected by Art. 60; that is, by adding the Ic^rithms. 

EXAMPLE. 

To find the product of 4125 and 312. The process will be as 

follows : 

log. 4125 = 3.61542 

log. 312 =: 2.49415 
log. 1287000 == 6.10957 



* Particular directions for using^ tables are not here given, because 
every collection of tables is accompanied with the necessary explanations. 
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We find in the tables that the decimal part of the logarithm 
6.10957 corresponds to the figures 1287; but the characteristic 6 
shows that the first significant figure is removed 6 places from the 
unit's place. We must therefore add three ciphers, which gives 
1287000 for the true product. 

75. The use of logarithms is particularly convenient when the 
continued product of several numbers is sought* 

EXAMPLE. 

To find the continued product of 41.87, 2.385, 9.4, 0.012 and 

0.85. 

log. 41.87 = 1.62190 

log. 2.385 = 0.37749 

log. 9.4 = 0.97313 

log. 0.012 = 8.07918 (Art 73.) 

log. 0.85 » 9.92942 

log. 9.5746== 0.98112 

Here, since the characteristics of log 0*012 and log. 0.85 are each 
10 too great, that of the sum of the logarithms is 20 too great. 
Rejecting 20, then, the log. is 0.98112, which is the log. of 9.5746 
the required product. 

76. To find the quotient of two numbers* 

This is effected by Art. 61 ; that is, by s^tracting the log. of the 
divisor from the log. of the dividend. 

EXAXPLES* 

To find the quotient of 5979.3 divided by 432.18. 

log. 5979.3 «s 3.77665 
log. 432.18 = 2.63566 

log. 13.835 = 1.14099 

The required quotient is therefore 13.835. 

To find the quotient of 597.93 divided by 43218- 

10+log. 597.93 == 12.77666 
log. 43218 = 4.63566 

log. 0.013835 = 8.14099 
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Here, the charactenatic of log. 43218 being greater than that of log. 
597.93, the remainder would be negative, to avoid which we add 
10 to the log. of 597.93. The remainder is then the logarithm of 
a decimal fraction, and the position of the decimal point is deter- 
mined by the rule in Art. 73. 

77. As it is often more convenient to add than to subtract, the 
subtraction of logarithms is changed to addition by using the arith' 
metical complement. 

The arithmetical complement of a logarithm is the remainder 
after subtracting it from 10. 

The most convenient mode of finding it is to subtract the first 

significant figure on the right hand from 10, and all the others 

from 9* 

Thus, the ar. co. of 5.83116 is 4.16884 

« of 2.56467 is 7.43533 

'* of 1.13450 is 8.86550 

The arithmetical complement of the logarithm of a decimal frac- 
tion will be found by subtracting it from 20. 

Thus, log. 0.08792 = 8.94409 and ar. co. =r 11.05591 
log. 0.00057 = 6.75587 •* = 13.24413 

In performing division by logarithms^ instead of subtracting 
Ike log* of the divisor we may add its arithmetical complement and 
r^ect 10 from the sum. 

For if ft and c are any two numbers 

log. — saalog. b log. C=alog.6 + 10 log. C 10 = 

c 

log. b + (ar. CO.) log. c— 10. 

EXAMPLES. 

To divide 1976.3 by 42.896. 

log. 1976.3 » 3.29585 

(ar. CO.) log. 42.896 « 8.36758 

log. 46.071 » 1.66343 
The required quotient is therefore 46.071. 
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To divide 19.763 by 0.0042896* 

log. 19.763= 1.29585 
(ar. CO.) log. 0.0042896 = 12.36758 

log. 4607.1 = 3.66343 

The required quotient is therefore 4607.1. 

78. To involve a number to any power. 

This is efTected by Art. 62 ; that is, by muttiplyif^ the log. of 
the number by the exponent of the power. 

EXAJEFLES. 

To find the fourth power of 5.7 

log. 6.7 = 0.75587 

4 

log. 1055.6 = 3.02348 

Therefore (5.7)*==1055.6. 

« 

To find the third power of 0.12 

log. 0.12 =r 9.07918 
3 

log. 0.001728 = 7.23754 

Therefore (0.12)8=0.001728. 

Here log. 0.12 is 10 too great, and since we multiply by 3 
the product must be 30 too great. But we reject only 20, in order 
to avoid a negative characteristic ; it is therefore 10 loo great, and 
is the logarithm of a decimal fractiod. 

79. To extract any root of a nuwher* 

This is effected by Art. 63; that is, by dividing the log. of the 
number by the index of the root. 

EXAMPLES. 

To fiDd the square root of 87825 

I log. 87825 = ^14.94362 

■ ■ ■ 

log. 296.35 = 2.47181 



Therefore -s/87825 = 296*35. 
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If the logarithm has a negative charadensHc, add as many 
times 10 as there are units in the index of the required root; the 
quotient will exceed its true value by 10* 

To find the third root of 0.57894. 

II 30 + log. 0.57894 = J | 29.76263 
log. 0.83345 = 9.92088 



Therefore ^0.57894 = 0.83345. 

If we consider 9.76263 as the log. of 0.57894, we have to add 
20 only, since it is already 10 too great. 

80. To find the fourth term of a proportion* 

The fourth term of a proportion is found hy multiplying the 
second and third terms together, and dividing hy the first. In loga- 
rithms this is efiected hy adding the logarithms of the second and 
third terms and subtracting the logarithm of the first term. Or 
instead of subtracting the log. of the first term, we may add its 
arithmetical complement. (Art. 77.) 

EXA.MFLES. 

To find the fourth term of the proportion 33.16 : 398 : : 4.893 : x^ 

(ar. CO.) log. 33.16 = 8.47939 
log. 398 = 2.59988 
log. 4.893 = 0.68958 

log. 58.729 = 1.76885 
Therefore a?= 58.729. 

To find the fourth term of the proportion 

0.0059768 : 478.3 : : 0.0076821 : ar, 

(ar. CO.) log. 0.0059768 = 12.22353 
log. 478.3= 2.67970 

log. 0.0076821 = 7.88548 

log! 614.77= 2.78871 
Therefore ar= 614.77. 
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81. CSomplicated qoantities of Tariow kinds are readily com- 
puted by logarithms. 



EXAMPLE. 



To find the value of the fraction 



^957x(410)«x(0.00879)^ 
(4.663)^x(2.39)* 



^log. 957=^1 2.98091 s= 

2 log. 410 = 2 1 2.61278 = 

i log. 0.00379 = i 1 17.57864 = 

I log. 4.653 = 1 1 0.66773 = 0.13355 = (ar. co.) 9.86645 

4 log. 2.39 = 4 I 0.37840 = 1.51360 = (ar. co.) 8.48640 



0.99364 
6.22556 

8.78932 



log. 2298.1 
Therefore the value of the fraction is 2298.1. 



= 3.36137 



82. The following examples will afford practice in all the usual 
operations by logarithms. 

, (0.335)* X v^l8J5 X %/5 ^ ^^«^„«« 
1. ^ ^-^-^ ^^^^^v-=0.0069398. 



897.65x(0.00017)* 



1 1' 

AT 



.T 



2. (^5)ix(26)^X(27)_^^^^^^^ 



(28)* X (29)+ X (30)^ 



(0.00015)^ X(0. 0000156)s 5.5747 
(587.69> "" (10) 



a& 



4. \/(149.16)«— (17.8)«= 148.09. (See Ex. 7, Art. 67.) 
(567.8)«— (467.2)« 



5. 



(15)7X0.53 



= 0.0011498. 



6. \/(49.755)»+(37.845)» = 62.513. (See Ex. 8, Art. 67.) 

■% 
83. To sohe'an exponential equation by logarithms. 

In the exponential equation 

a*=6, 
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if a=10, the value of x is found, by mere itupecHoriy from a table 
pf common logarithms, since in this case x is the common loga- 
Kthm of 6. But if a has any other value, as 8, then the value of a; 
is the log. of 6 in the system whose base is 8, and may be found as 
follows. Take the equation 

8*=50. 

Taking the logarithms of both members, we have, by. Art. 62, 

a? log. 8= log. 50, 

whence we have«=lpi^« = iS-I=»-««13- 

log. 8 0.90309 

The division of 1.69897 by 0.90309 may also be performed by 

logarithms. 

log. 1.69897= 0.23019 

log. 0.90309= 9.95573 
log. 1.8813=0.27446 

84. The complete solution of an exponential equation is there- 
fore as follows : 

Taking the logarithms of the equation 

a*=6, 

we have x log. a = log. &, 

, los. b 

whence x = ^-2 — 

log. a 

and again taking the logarithms 

log. X = log. — ^^= log. log. b — log. log. a. 

EXAMPLE 

To find the value of a? in the equation 

12^ = 100. 

log. 100 = 2.00000, log. 2.00000 = 0.30103 
log. 12 = 1.07918, log. 1.07918 = 0.03309 

log. 1.8533=0.26794 

Therefore ar = 1.8533, or 12*'8««_ioO; that is, 1.8533 is the lo 
garithm of 100 in the system whose base is 12. 
9 
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CHAPTER VIL 



CONSTRUCTION OF LOGABITHMS. 

85. The great practical utility of logarithms has induced mathe- 
maticians to expend much labor in the construction and correction 
of tables, in which are given the logarithms of all numbers from I 
to 10,000, to 100,000, and in some to 1,000,000 ; and this not only 
to 5 places of decimals, but to 7, 10, and even 14 places. Partial 
tables have been constructed to 20 places, and the logarithms of all 
the prime numbers below 1100 have been calculated to 61 places* 
This extreme accuracy is of course unnecessary in practice. In- 
deed seven places are considered sufficient for nearly every prac- 
tical purpose in astronomy and navigation.* 

86. We have already seen that the constrnction of logarithms 
requires the solution of the equation 

in which a is the base of a system, 6 any number, and x the loga- 
rithm of that number. The value of a? can be found exactly only in 
a few cases. When the base of the system is 10, for example, the 
logarithms of the integral powers of 10 are 1,2, 3, 4, &c., but the 
logarithms of all other numbers are incommensurable; that is, they 
cannot be expressed exactly by any fraction or by any number of 



• Likj.xvTi-Ef in the preface to his pocket volume of logarithmic tables, 
(edition of 1805,) makes the following" declaration : **I have calculated 
some hundreds of eclipses, and I have rarely used any other tables than 
those which I now publish ; for my experience proves, that observations 
are very rarely' so accurate as to require any others.*' Great accuracy, 
however, is now attained in observation, and seven places are very gene- 
rally employed in astronomical calculations. In nautical calculations more 
than five places are seldom if ever used. 
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decimals. *" We may, however, approximate to their values with 
any required degree of accuracy. The most convenient method of 
approximation is by series, which we proceed to explain. 
We shall make use of the following principle. 

87. Any finite number whatever may be represented by afrac- 
tion whose numerator and denominator are both indefinitely smalL 
Thus, the number 3 may be represented by 

3 , 3 3 .0003 .0000003 , 

_ or by i^, 12^51, &c., or by , , &c. 

1 ^ ih TTfiin^ ^ -0001' .0000001' "^"^ 

in short, by any fraction whose numerator is three times its deno- 
minator ; consequently, by a fraction whose numerator and denomi- 
nator are indefinitely small, provided their ratio or quotient is 3. 

X 

In general, x being any number, we may represent it by -y, in 

X . 1 ^ 

which -Tr'is X times rr= whatever value is assigned to N. If N 

X 1 

is indefinitely great, rr^ and ^ are indefinitely small, but their quo- 
tient is still X. We conclude, then, that Kh and k are two indefin- 
itely small quantities whose ratio is Xy we may always represent x 

by putting 

^ J. 
k ' 



* A rigid demonstration of this may be found in Bourdon, Alg^bre, p. 
342. Paris, 1837. 

f The algebraic symbol expressing an indefinitely small quantity is 0, 
and the symbol expressing an indefinitely great quantity is oc . The quo- 
tient obtained by dividing any finite number by oc is ; and the quotient 
obtained by dividing any finite number by is oc . The reasoning in the 
text might therefore be given thus: a; being any finite number, we may 

X 

put a?=-Y"='7r« The symbol -- is therefore an indeterminate expres- 

sion, which may represent any number whatever. See Davie^ Bourdon, 
p. 101, et seq. 
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TO FIND THE L06ARITHX OF A GITBN NITMBBB. 

88. The method of solving the exponential equation a^=s&, 
given in Chapter V, does not afford a general expression for the 
value of X in terms of a and 6, and is moreover too laborious to be 
of any use in the construction of tables of logarithms. The general 
solution is as follows, where we first convert a and b into binomials 
in order to apply the binomial theorem. 

Let a=^l-\-pj 5=1 +n, and a?=»x' ^ ^"^ ^ being indefinitely 
small, according to Art. 87. Then our equation becomes 

k 

(l+;?)*=l+n. 
Involving this to the power Ar, we have, by Art. 8, 

(1 +/>)*=(! +n)*. (25) 

Expanding both members by formula (10) of Art. 33, we have 

+^n'+'Jt^^n'+ &C. (26) 

Canceling the 1 from both members, and dividing by k, we have 
h A A— 1 , , A (A— 1)(A— 2) , , . , *— 1 , 

+^-^=^^^^a»+ &c. (27) 

Substitute for ^ its value a;; we shall find 

Now h — 1 differs from — 1 only by the indefinitely small quantity 
A; we may therefore use — 1 instead of h — 1, without any appre- 
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ciable error. For the same reason we may omit h from all the 
factors A— 2, h — 3, &c., and k from all the factors k — 1, k — 2, 
k — 3, &c. Equation (28) then becomes 

or a?^p_-.pa+_p8_ &c.^==n— —n"+~n»— &;c. (29) 

From this equation we now find the value of x by dividing by the 
compound factor j9 — i p*+ ^p^ — &c., which gives 

n-^n« + |n»»-in^-h^t»^A &c. . 

P—^P^ + \P'—\r+\^'— &c. ^ ^ 

in which the second member is a known quantity, since n and p are 
known, when a and h are given, from the equations 

a=^\+py 6=1 +n; whence p=a—-l, nsaft— 1. 

These values substituted in (30) give 

X- loff . (^-l)-^(ft-l)'+i(6-l)'-^(^-l)^-f &c. 

^ - *^«- ^"(«-l)-4(a-l)-+i(a-l)'-i(a-l)*+ &c. (^^> 

which is the general solution of the equation a^=6, and gives the 
value of the logarithm of any number b in the system whose base is a* 

89. In using this formula to calculate a table of logarithms, we 
first find the value of the denominator, which is constant, since it 
involves only the base of the system. Represent this denominator 
by A, and its reciprocal by M\ that is, let 

A=:((i— 1>- i(a— l)»+^(a— 1)»— J(a— 1)*+ &c. (32) 



and J»^-^-(^_ij_i^^_ij,+ i(^_l)8_i(«_l)4+^. (33) 

Formula (31 ) will then become 

log.&=ilf[6— 1— J(6— 1)«+^(6— 1)«— J(6— 1)*+ &c.] (34) 

This constant factor My whose value depends upon the base of the 
system, is called the modulus. ^ 
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TO FIND THE NUMBER CORRESPONDING TO A GIVEN LOGARFTHH. 

90. This is the inverse of the preceding problem, and the solu- 
tion of it must give the number in terms of its logarithm and of the 
base of the system (or of the modulus, which depends upon the 
base.) If the given logarithm were integral, the number to which 
it corresponded might be found by involving the base to the power 
indicated by the logarithm ; but in all other cases evolution would 
also be necessary, as a single example will show. The number 

whose logarithm is .3 in the system whose base is a, is a*' or ci^^y 

10 — 

or -s/a^ ; hence the number will be found by involving the base to 
the third power and then extracting the tenth root. In the following 
solution, however, we obtain an expression for the required number, 
in which the given logarithm does not enter as an exponent. 

91. Resume the fundamental equation 

a'*^s=5, or 6=a*^ 

and as before, let aal +/'» ^"^T' (^ ^^ ^ being indefinitely small.) 
Then we have 

6=(1 +p) * , whence 6*=s(l +p)\ 
Now, by the binomial theorem, we have 

(i+;,)*»i+Ap+*i/i=i)^+*(*:^M^.+ ^. (85) 

Neglecting h in all the factors k — 1, h — 2, 6cc» this equation be- 
comes, as in Art. 88, 

(1 +/))*=1 +A(p— l.p^+ 1 p»— &c.) 

«1+A[a_l_i (a-l)a+^(a-l)»- &c.] 
=1+AA, (Art. 89,) (36) 

that is, M=:1+AA, 

i 
whence 6=(1+AA)*. (37) 
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Expandiag the second member by formula (19) of Art. 45, by 
making n=sje, x=shAy we have 

Neglecting A;, 2k^ 6lc. in the factors 1 — k^ I — 2kt &c« this 
equation becomes 

6=l+*^+i..g.A«+i-.g.il«+&c. (39) 



2 k' 'a.3 i» 



and restoring «=A, 



6=.l+a;A+lar»A'+ia*A»+ &c. (40) 

which is the required formula, expressing any number b in terms of 
its logarithm x and of A the reciprocal of the modulus of the 
system. 

If we substitute tor x and A their values 

a: = log. 6, ^»jj^» 
formula (40) becomes 

fc^l _.^Qg' * , 1 /^og- ^V . ^ /log- ^V ■ 1 / log-ft y 
"^ JIf '^ 2\ M ) "^2.3V ^ ; "^2.3.4^ Jlf / 

1 /log. 6\5 , 1 /log. ft\« , , .^,. 

TO DETEBMINE THE MODULUS FROM THE BASE. 

92. Although (33) gives the value of M in terms of a, yet the 
series in the denominator is not convergent when a is greater than 2, 
as will be seen by substituting 3, 4, &;c. for a. It is rendered con- 
vergent by the following simple transformation, given by Lagbanoe. 

The base of the system being a, the logarithm of any root of a, 
as the m^^ root, is — , by the definition of logarithms, (Art. 58.) 

- 1 
That is, log. a"*=--. 
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But since (34) expresses the valae of the logarithm of any nnmber, 

1 

we may employ it to express that of the logarithm of a*" by sub- 
stituting b=:a?^. We thus obtain 

i 1 1 1 1 1 i 

log. a'» = — asJMfo" — 1 — 2-(«^ — l)*+-o(«'" — l)' — &C.1 

whence we derive 

M J , \ 1 1 — ; ^^^> 

m[a^—l— -(a"*— iy+— ^cr»— iV— &C.1 

i 1 / - I / - 

or il=OTra«— 1— — («*»— iV+'-^a'"— lY— &c-"l (43) 

In this formula the series may always be rendered convergent. For 

m being indefinite, we may assume it so great that o^ shall be less 

than 2; then o^ — 1 will be less than 1, and its powers will conse- 
quently decrease. We see also that the greater m is assumed the 
more rapidly will the series converge. 

93. Let ns apply this formula to finding the modulus of the com- 
mon system in which a=10. Assume fii=32; then a*" =10^ ^. 

The 32"^ root of 10 may be found by five successive extractions 
of the square root, since 32=2*. We shall find* 

v/T0=8.16227,76601,7 
^/10=1.77827,94100,4 
V'i0=:1.33352,14321,6 
V'*10=1.15478,19846,9 
^^10=1.07460,78283,2 



* This operation will be shortened by employing the methods explained 
in Chapter IV, Arts. 50, 51, 52. 
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Therefore a« — 1 =s. 07460,7 8283,2, and the calculation of the series 
will be as follows, representing a"* — 1 by z> 



Z =s 


.074607828 32 




-.|z» = 


— 


.002783163 99 


+ Jz*- 


188430 55 




-i2* = 


— 


7746 07 


+ i2» = 


462 33 




-iz« = 


— 


28 74 


+ 4-«' = 


184 




-♦*•- 


— 


12 


+ !«• = 


1 






.074746723 06 — 


.002790938 92 




•002790938 92 


« 




.071955784 13 




d 


32 





w9 s 2.302585092 16 
M = ^=.434294482 

The value of JIf to sixty-one places is .43429,4481 9,03251, 82765| 
1 1 289,1 891 6,60508,22943,97005,80366,65661 ,1 4453,8. 

94. It is necessary in calculations like the above, to employ 
throughout the process at least two more decimals than are retained 
in the result, so that the error occasioned by the neglected figures 
may not af!ect the last figure retained. We here employ eleven 
places of decimals in the calculation, but retain only nine in the 
result, which may therefore be relied upon as correct in the last 
place. 

The above is the direct method of finding the modulus from the 
base, but it may also be obtained with the aid of naperian loga- 
rithms. (See Art. 99.) 

10 
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TO DETERMINE THE BASE FROM THE MODULUS. 

95. This is effected at once by (41), for if 6= the base of the 
system sa, then log. ^sl, and this formula becomes 

In constructing a system of logarithms, we may either assume the 
base and then determine the modulus by Art. 92; or we may 
assume the modulus and then determine the base by (44). In the 
common system, or Briggs', the hose is assumed sslO; in the na- 
perian system the modulus is assumed =1. 



NAPERIAN LOGARITHMS. 

96. In the system of Napier, the inventor of logarithms, the mo- 
dulus is assumed :=1. If therefore we make ^=1, in (44,) the 
series will give the value of Napier's base, which is generally repre- 
sented by e. We have then 

The exponents of the powers of this base are naperian logarithms. 
They are also called hyperbolic logarithms, from the use made of 
them in the quadrature of the equilateral hyperbola. Although the 
common system has superseded the use of tables of naperian loga- 
rithms in nearly every practical operation, yet the latter possess 
some important advantages in theoretical investigations, and parti- 
cularly in the Integral Calculus ; advantages resulting principally 
from the simplicity of the logarithmic formula, from which the 
factor M is made to disappear by being assumed =1. 

The value of e is found approximately by taking a number of 
terms of the series. The calculation is made very simple by re- 
marking that if any term be divided by the number indicating its 
place in the series, the result is the next succeeding term ; thus, the 
first term divided by 1 gives the second term 1 ; this divided by 2 
gives the third term |, &;c. The calculation will therefore be as 
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follows, where for convenieDce we designate the successive terms 


by Ay B, C, &c. 






1+1 


=:2. 


i 


= 


.5 (A) 


M 


=s 


.16666,66666,666 67 (5) 


i^ 


=s 


4166,66666,666 67 (C) 


\c 


s 


833,33333,333 33 {!)) 


i^ 


s 


138,88888,888 89 {£) 


^E 


= 


19,84126,984 13 (F) 


iF 


s 


2,48015,873 02 (G) 


i(^ 


^ 


27567,319 22 (H) 


tV^ 


=> 


2765,731 92 (/) 


tV^ 


=: 


250,521 08 {K) 


^^^ 


=: 


20,876 76 {L ) 


^L 


= 


1,605 90 {M) 


A^ 


« 


114 71 (N) 


iV^ 


^ 


7 66 (0) 


tVO 


= 


48 (P) 


iVP 


= 


3 



ea Napier's base » 2.71828,18284,590 46 

The value of e to sixty^ne places is 2.71828,18284,59045, 
28636,02874,71362,66249,77572,46928,08355,51550,58417,2. 

97. If X represcDts the logarithm of b in the system whose mo- 
dulus is My and x' the logarithm of & in the system whose modulus 
is M\ we have by (34) 

X ^M {b—l—i{b—iy+^{b—iy— &c.) (46) 

x'^M'(b—l—i{b—iy+ 1 (6— 1)»— &c.) (47) 

Dividing (46) by (47), we have 

x_M^ 

x''^M" 

or a? : a?' : : Jtf : M'. (48) 

That is, the logarithms of the same number in different systems are 
to each other as the moduli of those systems* 



/ 
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98. If in (48) x^log.b in any system, x'= L. b^* in the nape- 
rian system, audM'=- modulus ofnaperian system s=lywe have 

log. b : L.b :: M : ly 
whence log. b=MxL. b. (49) 

That is, the logarithm of a number in any Bystem is equal to 
the modulus of thcU system multiplied by the naperian logarithm 
of the number* 

99. If b=sa^ base of the system whose modulus is Jf, then 
log. &=:1, and (49) becomes 

l=MxZ. a, 

whence M=j — . (50) 

That is, the modulus of any system is the reciprocal of the napC' 
rian logarithm of the base of the system* 

If in (50) ^=10, we shall have the value of the modulus of the 
common system, or 



L.10 



The naperian logarithm of 10, as will be shown hereafter, (Art. 113,) 
is 2.30258,60930. Therefore 

Briggs' modulus ^^^^^^l—^^ASmMSX9, 

which agrees with the value found by another method in Art. 93. 

100. If we substitute in (49) the value of M given by (60), we 
have 

log. 6=^*. (51) 

That is, the logarithm of a number to any given base is equal to 
the naperian logarithm of that number divided by the naperian 
logarithm of the given base* 



* We here designate naperian logarithms by the letter It., to distin- 
guish them from other logarithms. 



\ 

\ 



/ 
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101 • If we make b^e in (49), we have 

log. e^MxL. e:rsM. (52) 

That is, the logarithm of Napier's hate in any system is equal to 
the modulus of that system. 

Hence, Briggs^ modulus is the common logarithm of Napier^s 
base, or 

log. 2.718281828 dsc. =: .4342944819 <S^ 

102. With the aid of these principles, we can construct as many 
systems of logarithms as we please aAer having calculated a table 
of naperian logarithms ; for, by (49), we have only to multiply all 
the logs, of this table by the modulus of the new system, in order 
to obtain the logarithms in this system ; or, by (51), we have only 
to divide each naperian logarithm by the naperian logarithm of / 
the new base, to obtain the logarithms to that base. 

TRANSFOBMATIOIYS OF THE LOGABITHlfIC FOBMVLA, 

103. We may now suppose the modulus to be known, since it 
may be determined for any base by formula (42). We are not, 
however, yet prepared to construct a table, for (34) is not conver* 
gent unless b is less than 2. Various transformations have been 
proposed, by which it is rendered very convergent and expeditious 
in practice. The most useful of these we proceed to explain. 

104. Since (34) will converge when 6<2, let 6=1 ^ — =»-^, 

d n n 

whence 6 — 1=— , and log. 6= log. (n+d) — log. n, (Art. 61.) 

n 

The formula becomes 

,/rf d* d^ d* rf* \ 

log. (n+d)- log. n=Jlf (--2JJ-.+ 3JJJ - ^, + g^.- &c.) (53) 

Again, let ft =1 =» , whence b — 1= , and log. 6 

= log. (n — d) — log. n. The formula becomes 

, / jx , ^/ d d^ d^ d* d^ ^ \ ,^^, 

l0g.(„-d)-l0g.«-3f(-.--^.-g;j;---g-;jj-&C.)(64) 



1 
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Add (54) to (53) ; we have 

/ d' d^ €fi \ 

log.(n+(Z)-21og.ri+log.(n-d)=-M"(^-.---— -gj^-&c.j (55) 

or transposiDg and reducing, 

log,(n+d)=2log.»-log.(n-(0-ilf(^+^+^+ &c) (56) 

Subtract (54) from (53) ; we have 

log. („+d) - log. (n - d)=-»f ( ^ + 1^ + 1^ + &c) (57) 

or transposing and reducing, 

log. (n + d) = log. («- d) + 2M(i + ^ + ^^ + &c) (58) 

These formulsB will always converge when — is a proper fraction ; 
that is, when df <n. In using (53) log* n must be known before 
log* (n+d) can be determined. From (54) we find log. n when 
log* (n — d) is given ; from (56) we find log. (n+d) when log. n 
and log. {n — d) are given ; and from (58) we find log. {n+d) when 
log. (n — d) is given* 

105. In (58) let n + d=:p, n^d=al, whence 2nssBj9+l> 

d D X 
2d = p — 1, and— =^--t-t; then we have (since log. (n — d)ss 

n p+l ^ o \ / 

log. 1=0) 

,.,.p-,«[«=i+i^)-+i(£=-;)'+^] (..) 

This formula requires no logarithms to be given, but converges 
slowly unless p is a small number. 

106. In formulae (53, 54, 56, 58) let d=l ; then we have 
log.(«+l)-log.«+Jtf(i--L+3i-.-l, + ^.-&c)(60) 

log.(«-.l)=log.«-Jtf(i + |-, + 3lj+lj + ^+&c.)(61) 
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log. (n+l)-2 log. n-log. (»t-l)-3f (| + ^* ■•" ^+ M ^^^^ 

log. (n + 1) - log. (n-1) + 2 Jf (i + ^ + ^+ &c.) (63) >/ ;- . ' >*/- 

In (58) substitute n+d^p+l^ n—d^Bp^ whence we have 

2na20-fl. 2cfsBl, and — s^^ — — -; the formula becomes 
^ n 2p+l 

log.(f4-l)=1og.p+2Jlf(^+^^^— +g^.+&c)(64) <; ., '• 

These formulae will be found coDveuient in calculating the logarithm 
of a number, when that of a number greater or less by unity is 
\ given. 



s 



107. The above would suffice for the computation of a table, but 
other formulas have been found, in which the series are more rapidly 
convergent. That of Bobda may be thus derived. In (58) let 

n+d—(/)— 1)» (p+2)^p*—Sp+2 
fi— rf=(p+ 1)» (;>— 2)=s;j"— 8p— 2 
whence we find nap* — Sp, d=2, and 

log. (n+d)=- 2 log. (p— l)+log. (p+2) 
1<^. (n— d)- 2 log. {p+l)+\og. {p—2) 
These values substituted in (58) give 

log. (p+2)— 2 log. (;>+l)+2 log. (;>— 1) — log. (p—2)- 

By this formula we may obtain log. (p+2) when the logarithms of 
p+l^ p — 1 andp — 2 are given. The series is so convergent that 
when p=s50 the first significant figure of the second term is in the 
15^ place of decimals. 
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108. A still more convergent formula, but requiring more loga- 
rithms to be known, is that ofHAROs. In (58) let 

n+(Z=(;>— 3)(p+3)(;)— 4)(;j+4)=;j*— 26p«+144 
n— d=p«(;)— 5)(p+6) «;)*— 25p» 

whence we have n=p* — 26p^+72, dss72^ and the Ibrmola 
becomes 



log. (p+6)— log. (f +4)— log. (p+S)+2 log./}— log. (p— 3)— 

log' (;>— 4)+log. (p— 5)= 

This formula expresses the relation between seven logarithms, and 
the series is very convergent. 

109. In (64) let ^+1=^", />=?"— 1=(£—1 )(«+!) i the 
formula becomes 

2 log. ^ = log. (^ — 1) + log. (^ + 1) + 

2^(2^ + 5(2^.+ ^-) 
from which we derive 

log-?=i[log-(? — 1) + log-(y + 1)] + 

^(2^ + 3(2^.+ M («^) 

which is a very convenient formula, requiring but two logarithms 
to be given. 

110. An unlimited number of formulae may be derived from (68) 
and (54) by a peculiar combination, the law of which will be per- 
ceived in the following examples. 

. In (53) let d—dy 2, 1, and in (54) let (/»!, 2, 3, successively; 
we shall thus obtain the six following formula : 
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log.(«+8Mog.„» itf(l-^ + g-^ + ^-&c.)(^) 
log.(«+2Hog.n= M(l-±+±-^^ + ^,-6u:.yB) 
log.(«+l)-.og.n- M(i-ij..+ij-.-^,+ A.-&c.)(C) 

log.(«-l)-log.«=i/(-i-i;;-l;-^,-^-&C.)(/>) 

1 / «x I Ti#^/ 3 9 27 81 243 , \,^ 

. ^ ^ ^ ^ \ n 2n« 3n» >» ^'^ -^ 

Ck>mbine these equations thus : £ — SC^D; we shall find 
log. (n4-2)— 3 log. (n+l)+3 log. n— log. (n— 1)= 

Make the combination B-^C-^D — E ; then 

log. (n+2)— 4 log.(n+l)+6 log. n— 4 log. (n— 1)+ log.(n— 2)= 

--/6 . 20 , 63 , 204 . , \ ,^^, 

—-ftf (-- + -- + h &c.) (69) 

Make the combination A — 5 ^+10 C+5 D — E\ then 

log. (n + 3) — 5 log. (n + 2) +10 log. (n + 1) — 10 log. n + 

5 log. {n—\) — log. (n — 2) = 

-,/24 60 , 240 630 . ^ x ,^^. 

Vn* n« n' n» / ^ ^ 

Make the combiQation A— 6 ^+ 15 C+15 Z>— 6 E+F; then 

log. (n + 8) — 6 log. (n + 2) +15 log. (n + 1)— 20 log. n + 
15 log. (n— 1)— 6 log. (n— 2) + log. (n — 3) = 

120 . 1260 . 10584 



-^(^+-5^+^+*-) c) 
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Such formulse may be multiplied at pleasure, as the law of their 
formation is easily recogDized. They express the relation between 
a number (m+1) of logarithms of consecutive numbers ; the terms 
in the first members are alternately positive and negative ; the co- 
efficients are those of the (ot*^) power of the binomial, and the de- 
nominator of the first term of the series is n*. 

Formula (70) is perhaps the most useful, as it is very easy to 
multiply by the numbers 5 and 10 ; but the series in (69) and (71) 
are more convergent than the series in (70). 

111. Logarithms may also be found by the following method. 
Instead of the logarithm of the number itself, we seek that of any 
root of the number which is less than 2. This logarithm will be 
found by (84) ; we then multiply it by the index of the root to ob- 
tain the logarithm of the given number, (Arts. 62 and 63). 

Thus, in (34) let 6=/)* , and we have 
log. p^=^- log. p=:M\^^ 

;)«-l--(p«-iy+-(/?»-l)— &C.J (72) 

r 

In this formula, as n is arbitrary, we may assume it so great that 

the tV^ root of the number p will be less than 2 ; then p» — I will 
be less than 1, and its powers will decrease. This transformation 
is the same as that given in Art. 92, in finding the modulus ; and if 
we substitute in (72) the value of Jlf, given by (42), we shall have 

n ypn—l— i(p» _iy+i(;,n _iy_ &c. J 

log--P«-p-T j— T ^ 1 1 ^ (73) 

m\ a»"— 1— — (flp»— iy+---(a'»— iV— &c. 

which is the formula given by Lagrange. It expresses the loga- 
rithm of any number in terms of that lumber and the base of the 
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i i 

system^ n and m being arbitrary numbers, but sucb thatp* and a"^ 

are less than 2. , 

This method is similar to that actually employed by Briggs in 
the construction of his tables ; but the tedious operation of extracting 
roots which it requires, has been rendered unnecessary by the more 
expeditious formuiss which we have already given. 



APPLICATION OF THE FOBMULJE. 



112. In the actual construction of a table, it is necessary to em- 
ploy the preceding formulse only in finding the logarithms of prime 
numbers; for the logarithms o( composite numbers will be found by 
adding together the logarithms of their factors, (Art. 60). We shall 
have to find by the formulse the logs, of the prime numbers 2, 3, 5, 
7, 11, 13, 17, &;c., but those of the composite numbers will be de- 
rived from these as follows : 

log. 4 » log. 2« ss 2 log. 2, log. 6 = log. 2 -f log. 3, 
log. 8 B log. 23 » 3 log. 2, log. 9 = log. 3> rs 2 log. 3, 
log. 10 ssa log. 2 + log. 5, log. 12 s: log. 3 + log. 4, &c. 

113. If we wish to find naperian logarithms we make M^s\ in 
all the formulse, which then take the simplest form for calculation. 
But in finding common logarithms we make Jlf=s.4342, &c., (Art. 
93). This value of j/t/may be found directly as in Art. 93, or more 
conveniently, as in Art. 99, from the naperian logarithm of 10. 

The most natural method of finding the naperian logarithm of 10 
is to find that of 2, then that of 5, and then that of lO^^Z. 2+Z. 5. 
For this purpose, in (64) let Jlf=l and jo=al ; then Z.p=0, and we 
have 

and by actual computation, taking ten terms of the series, we have 

L. 2=0.69314,71805,6. 
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Then L. 4»2 L. 2 ==: 1.38629,4361 1,2. Making ^==4 in (64), 
we have 

L. 5=L. 4+2 f 4 + J— + ^_ + JL j_ &c.^ 

(taking six terms of the series) 

=l.38629,43611,2+.22314,25518,l, 
=1.60943,79124,3. 

Hence L. 10=0.69314,71805,6+1.60943,79124,3, 
=2.30258,50929,9. 

From this we find, as in Art. 99, Briggs' modulus = reciprocal of 
L. 10=.43429,44819,03. 

114. The preceding example sufficiently illustrates the mode of 
using (he formulse. We have only to substitute numbers for letters, 
and compute the series by adding a number of terms, greater or less 
according to the degree of accuracy required. It will be observed 
that, generally, the most convergent formulae are those which re- 
quire the greatest number of logarithms to be previously known. 
Thus, (59), which requires no logarithms to be given, is not so 
convergent as (64), in which one logarithm is supposed to be known ; 
formulae (65.... 71) are still more convergent, requiring three, 
four, five, or more logarithms to be given. 

To find the common logarithms of 2 and 5, we have only to make 
JIf =.434, &;c. in the formulae and compute the series as above ; or 
we may multiply their naperian logarithms already obtained, by 
.434, diC, according to Art. 98. We may then proceed to find the 
logs, of the succeeding prime numbers as follows : 

In (64) let j0=2, 

Iff 

log. 3 = log. 2+.828 &c.(- + g-^ + ^_ + &c) 

Let /) = 6, log. pss log. 2 + log. 3, 

log. 7= log. 2 + log. 3 + .828 &c.(^ + -^^ + ^^+ &c) 

Let p «= 10, 

11 1 

log, 11= log. 2 + log. 5 +.828 &c.(— + ^-^ + ^-^+ &c.) 
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We might thus compute the entire tahle with this fonnula only ; but 
the labour may be much abridged by various devices, some of which 
we shall here explain. 

115. In commencing the construction of a table, we know only 
the logarithms of the integral powers of the base of the system ; 
from these we may find the logs, of all numbers greater or less than 
these powers by unity, by the formnlee of Art. 106. 

Thus, in Briggs' system we know the logs, of 10, 100, 1000, &c. 
to be I, 2, 3, &;c. From these we may find those of 9, 11, 90, 
101, 999, 1001, 6cc. by making successively nslO, 100, &c. in 
(60) and (61); we thus find 

log. n^i+^A^^ijo-um + sJ^^ 

111 1 

log. 9-l_.484&c.(-+5^ + 3-j^ + ^;j^^ + &c) 
log. 101=2+.434 &c.(^-^+3-^- ^^+ &c) 
log. 99-2-.434&c.(2.+ _^.+ _L_+_^.+ &c.) 

The similarity of these series enables us to compute them all at the 
same time, by observing that the significant figures of the first, 
second, third, &c. terms respectively, are necessarily the same in all 
the series, but are preceded by a greater or less number of ciphers. 
We subjoin the computation of the preceding examples, designating 
the terms by A, B^ C, &c. 

To find log. 11 and log. 9, 

A » .04342,94481 ,90 B^ .00217,1 4724,10 

C= 14,47648,27 Z> =■ 1,08573,62 

E = 8685,89 F = 723,82 

Gr= 62,04 J7a 5,43 

/= 48 K^ 04 



.04357,50878,58 .00218,24027,01 
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log. llsl +(.04357,50878,58— .0021 8,24027,01 )» 

1.04139,26852, 

log. Oasl— (.04357,50878,58+ .00218,24027,01)= 

0.95424,25094. 

To find log. 101 and log. 99, we have from the preceding calcu- 
latioD, simply by changing the position of the decimal point, 

A = .00434,29448,19 B = .00002,17147,24 

C=s 1447,65 I>= 10,86 

E^ 9 



.00434,30895,93 .00002,17158,10 

k)g.l01=2+(.00434,30895,93— .00002,17158,10)« 

2.00432,13738, 

log. 99«2— (.00484,30895,93+.00002,17158,10)« 

:i.99563,51946. 

We employ twelve places of decimals in the computation, but 
retain only ten in the Ic^arithms, which may therefore be relied 
upon as correct in the last place. 

In the same manner we should find 

log. 1001 = 3.00043,40775 log. 10001 = 4.00004,34273 
log. 999 » 2.99956,54882 log. 9999 = 3.99995,65684 

116. These logarithms prepared, we may proceed as follows. 

We have 1024=2^^ and log. 1024=10 log. 2; therefore in (53) 

let nslOOO, (f=24, and —=.024; then 

n 

10 log. 2= log. 1000+itf[.024— J(.024)«+ ^(•024)»— &c] 

whence, by taking six terms of the series, 

log. 2 = 3^(3 + -01029,99566,4) = 0.30102,99956,64, 

log. 3 = log. v/9 = i log. 9, log. 5 = log. 10 — log. 2. 
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To find Ic^.7, in (64) let j7=9600»7'.2.10S ;>+l»9801a: 
11 ".3*; then we have 

2 log. 11 + 4 log. 3—2 log. 7— log. 2— 2 log. 10 « 

^^[T9lor+T(iy+ ^] 

whence we have 

log. 7=. log. 11 + 2 log. 8— J log. 2 — 1— 3f ( j^ + &c.) 

Here the second term of the aeries is less than -—-; the first term 

10" 
will therefore suffice in finding the logarithm to eleven or twelve 

places. The same degree of accuracy is obtained with the use of 
only one term of the series in the following examples. 

In (64) let;?+l=6656=28.13,;j=6655=6.11»; then we have 
log. (p+i)==Q log. 2 + log. 13, log. p= log. 5+8 log. 11, and the 
formula gives 

OjLf 

log. 13= log. 5+8 log. 11—9 log. 2+ j^^ + &c, 

Let;?+1= 14400=2*.3M0», ;)=14399=11«.7.17; then 
log. 17= log. 14400 -log. 847-( J^ + &c.) 

Let/?+l=5776=19».2*, ;?= 5775 =3.7.5*. 11 ; then 

M 

log. 19=i(Iog. 5775 — log. 16)+——.+ &c. 

llOOl 

Let;)+1=8281=7M3«, ;)=8280=2».3».5.23; then 
log. 23 = log. 8281 — log. 360 — ( j|^ + &c.) 

Let jp +1 = 1 3225 =5».23», p = 13224 = 28.3.19.29; then 

26440 +**'•) 
Let p+l = 8464=23».2*, ;>= 8468= 3.7.18.31; then 

log. 31 = log. 8464 — log. 273 — ( j|^ + &c.) 
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Let p+l»id625»5«.8«, p«5424»2*.19.37; then 
log. 37 = log. 5625 — log. 152 — ( j|^ + &c.) 

Let /? + 1 « 6561 ==: 8% /> « 6560 =. 2*.5.41 ; thea 

log. 41 = log. 6561 — log.l60—(^|^ + &c.)» 

117* To continue the computation for primes above 41, we 
may employ Bordd*8 formula^ (65), without any traneformatioDS 
such as the above ; and the first term will suffice in finding the loga- 
rithms to twelve places. Thus, to find log. 43 we make ^=41, and 
find 

log. 43= 2(log. 42 — log. 40)+log. 39+ ^^ + &c 

In like manner 

2M 

log. 47= 2 (log. 46 — log. 44)+log. 48+ -^^ + &c. 

2M 

log.53=2(log.52 — log.60)+log.49+^^^+ &c 

and with this formula we may compute the logarithms of all the 
prime numbers under 100. 

Above 100 it will be more convenient to use (67), which requires 
only two logarithms to be known, and gives the logarithm correctly 
to twelve places with the use of only one term of the series. For 
example, when ^=103, we have 

M 

Iog.l03=i(log.l02+log.l04)+ ^j^+ &c. 

Log. 104 is known before log. 103, since 104 is a composite num- 
ber =8.13. In general, q being a prime number, q — 1, and ^+1 
must be composite, and their logarithms are found before that of q. 



* These transformations may be obtained, by inspection, from a table 
of compoate numbers. 
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118. Above 500 the forraulse of Art. 110 may be employed, and 

the series omitted entirely except in computing very extended tables. 

24 1 

Thus, in (70), if n=s500 it is evident that — - is less than -^rrr; the 

series therefore will not afiect the eleventh or twelfth place. Omitting 
the series, the formula may be put in the following form : 

lQg.(» + 3)«log.(n — 2) + 5[log.(n + 2) — Iog.(»— I)] — 

10 [ log. (n + 1)— log. «]. (74) 

For example, the common logarithm of 509 may be found from the 
five logarithms immediately preceding it in the table, by a computa- 
tion like the following, where we put 

J»« log. (w+2)— log. (n— 1), /?'« bg. (n +1)~ log. n, 
and the characteristics are omitted. 





N. 


n — 9 


504 


n — 1 


505 


n 


506 


n + l 


507 


n + 2 


506 



LogariikmB, 
70243,05364,45 

70329,13781,19 

70415,05168,40 
70500,79593,33 

70586,37122,84 



Cakulaiian. 

70243,05364,45 

52?= 1286,16708,25 

71529,22072,70 

lOD' =» 857,44249,30 

log. (n + 3) =« 70671,77823,40 



When n=10000 in (68), we may omit the series, which will not 
afiect the eleventh place of decimals ; and we shall have 

log. (n+2) « log. (n— 1)— 3[log. (n+l)— log. n.] (75) 

Or we may omit the series in (65), and we shall have 

log. 0?+2)«= log.(p~2)+2[log.(p+l)— log.(;)— 1.)] (76) 

With these formulae we may continue the computation as far as 
log. 1 00,000, which is the usual limit of the tables. 

119. Above 100,000 we may use (67) without the series, if we 
require only ten places ; we shall then compute by the formula 



12 



log. q^i[ log. (y — 1) + log. (^+1)], 



(77) 
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from which it appears that the logarithm of any number above 
100,000 is an arithmetical mean between the log. immediately pre- 
ceding and that immediately succeeding it — at least as far as the 
tenth place of decimals* With this formula, then, we may extend 
the table at pleasure. 

120. By retaining the series in the formulae, and using one, two, 
or more terms, we may compute logarithms to twenty or more 
places, as has been done by Briggs and others* 

The variety of the formulse here given will enable the computist 
to test the correctness of his work by occasionally computing the 
same logarithm by two or more methods ; he will thus detect the ^ 

amount of the error occasioned by ihe neglected terms of the series, ^A 

and may operate in such a manner that this error shall not affect the 
last figure retained. 

ANTI-LOOABITHHS. 

121. Formula (41) of Art. 91, enables us to compute the num- 
ber corresponding to any given logarithm. We may thus obtain 
the approximate numbers corresponding to exact logarithms. These 
numbers have been called anti-logarithms^ and tables of them are 
found convenient in some astronomical computations. In these 
tables the usual arrangement is reversed ; the exact logarithms are 
placed first, increasing regularly by 1 from 1 to 10000, (or, as in 
Dodson's Anti-Logarithmic Canon, to 100,000,) and the correspond- 
ing nearest numbers in the columns opposite, with their differences 
and proportional parts. 

122. In (41) let 5= — , and log.5=log.m — log.n=;Z>; the 
formula becomes 

»=''['+I+t(I)'+o(#)'+ *«•] p») 

In applying this to naperian logarithms we make M=^\\ we then 
have 

m=n(l +2? + -2 + 273 + ^O (^9) 
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If DOW we compute the anti-logs, of .00001, .00002, 6cc. sucessively, 
we shall have constantly 2>= log. m — log. n= .00001, and the 
formula will be 

/, . ^^^^. . (.00001)» . (.00001)' . . V 
m=n(^l+. 00001+ ^ 2 "^ 273 + ^^•) 

or wi=nxl.00001,00000,6, (80) 

where m and n are any two numbers whose logarithms differ by 
.00001. 

Let log. in= .00001 and log.n=0, whence n=l, then m or the 
anti-logarithm of .00001 is found by (80) to be 

A. Log. .00001= 1.00001,00000,5. 
Let log.m=.00002, log. n=.00001 ; then n=A. Log. .00001 = 
1,00001,00000,5 ; and (80) gives 

A. Log. .00002= (1. 00001 ,00000,5)». 

We shall find in the same manner 

A. Log. .00003= (1.00001 ,00000,5)8, 

A. Log. .00004= (1.00001,00000,5)*, 
&c. &c« 

The construction of the table is thus reduced to finding the succes- 
sive powers of the number 1.00001,00000,5, an operation of little 
difficulty. The calculation would be as follows : 

A. Log. .00001 =1.00001,00000,5 

1,00001,0 
5 



A. Log. .00002=1.00002,00002,0 

1,00002,0 
5 



A. Log. .00003=1.00003,00004,5 

1,00003,0 
5 



A. Log. .00004=1.00004,00008,0 
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As this operation is carried on entirely by addition, the accumulated 
error arising from the neglected terms of the series may at length 
affect the last place of decimals retained. It will be proper, there* 
fore, to calculate separately the anti-logs, of .00100, .00200, 
.00300, &c., which may be done by the method employed above. 
These will serve as test or proof numbers ; and the intervening anti- 
logs, will be found by renewing the computation at .00100, .00200, 
&c. The error arising from the neglected figures will thus be cor- 
rected, and will not accumulate through more than 100 terms. 

123. If we apply the formula to the common system, we make 
3f =.434, &c., and by taking constantly 27=.00001, as before, we 

shall have -=7- = .00002,30258,509. The formula will become 
M 

tn =n X 1 .00002,30261 ,1 6, 

and we shall find as above 

A. Log..00001»l.00002,30261,16, 
A. Log..00002=(1.00002,30261,16)«, 

A. Log..00003=(1.00002,30261,16)», 

&;c. &c. 

For other methods of constructing anti-logarithms, the student is 
referred to Button's History of Logarithms, prefixed to the former 
editions of his " Mathematical Tables." 
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